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We consider two-dimensional superconductor/ferromagnet/superconductor junctions, and we investigate the
subgap modes along the junction interface. The subgap modes exhibit characteristics similar to the Yu-Shiba-
Rusinov states that originate from the interplay between superconductivity and ferromagnetism in the magnetic
junction. The dispersion relation of the subgap modes shows qualitatively different profiles depending on the
transport state (metallic, half-metallic, or insulating) of the ferromagnet. As the spin splitting in the ferromagnet
is increased, the subgap modes bring about a 0-π transition in the Josephson current across the junction,
with the Josephson current density depending strongly on the momentum along the junction interface (i.e., the
direction of the incident current). For clean superconductor-ferromagnet interfaces (i.e., strong coupling between
superconductors and ferromagnet), the subgap modes develop flat quasiparticle bands that allow us to engineer
the wave functions of the subgap modes along an inhomogeneous magnetic junction.
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I. INTRODUCTION

The interplay between superconducting and ferromagnetic
order leads to unconventional pairing mechanisms as well
as exotic quantum states, such as the Yu-Shiba-Rusinov
(YSR) state bounded to a (classical) magnetic impurity [1–3],
the Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) states in ferro-
magnetic metals [4,5], and the chiral Majorana edge modes
in topological superconductors [6,7]. Understanding and con-
trolling the delicate competition between different orders will
undoubtedly benefit the development of quantum devices for
various spintronic applications [8].

In a Josephson junction, the transport properties are gov-
erned by subgap states below the superconducting energy gap,
and these subgap states reflect the fate of the competition
between superconductivity and magnetism. For example, con-
sider a Josephson junction through a quantum dot [9], which
can be regarded as a magnetic impurity with strong quan-
tum fluctuations. The subgap state induced by the impurity
behaves like an Andreev bound state in the strong-coupling
limit, where the Kondo effect [10–12] dominates over su-
perconductivity, whereas it bears a closer resemblance to the
YSR state in the weak-coupling limit [13,14], where super-
conductivity dominates over the Kondo effect. Such a change
in character of the subgap state results in a transition from
negative to positive supercurrent across the junction, usually
referred to as a quantum phase transition from a 0-junction to
a π -junction [15,16].
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In a superconductor/ferromagnet/superconductor (S/

FM/S) junction, the nature of subgap states depends on the
transport properties of the ferromagnetic layer. When the fer-
romagnetic layer is metallic, spin-dependent Andreev subgap
states play a dominant role: The finite center-of-mass mo-
mentum of Cooper pairs that penetrate into the ferromagnetic
metal causes an oscillatory behavior in the proximity-induced
pairing potential [8,17]. Depending on the relative width of
the ferromagnetic layer with respect to the wavelength of the
oscillation, the ground state of the S/FM/S junction may be
stabilized with either a 0 or π phase difference between the
two superconductors [18–20]. In a recent paper [21], how-
ever, it was found that the YSR subgap states play a more
significant role when the ferromagnet is a thin insulator. The
competition of superconductivity versus magnetism induces a
strong dependence of the YSR state on the spin splitting in the
ferromagnet, leading to a 0-π transition in the junction when
the spin splitting is increased [21].

While so far most of the previous works studied one-
dimensional (1D) or quasi-1D junctions, i.e., narrow junc-
tions, in this work we consider two-dimensional S/FM/S
junctions (Fig. 1), and we investigate the subgap modes along
the junction interface. We find that, due to the interplay be-
tween superconductivity and ferromagnetism in the magnetic
junction, the subgap modes inherit the characteristics of the
YSR states and lead to the following intriguing properties,
which are hard to observe in narrow junctions: (i) The dis-
persion relation of the subgap modes shows qualitatively
different profiles depending on the transport state (metallic,
half-metallic, or insulating) of the ferromagnet. (ii) The sub-
gap modes mediate the 0-π transition in the Josephson current
across the junction, induced by increasing the spin splitting
in the ferromagnet. They also determine a dependence of the
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FIG. 1. A schematic tight-binding model for the two-
dimensional superconductor/ferromagnet/superconductor junction.
The empty gray circles represent the lattice sites on the left and right
superconductors, whereas the red circles filled in yellow denote
sites in the ferromagnet. The homogeneous nearest-neighbor tunnel
coupling strengths within the superconducting and ferromagnetic
regions (tsc and tfm) are denoted by gray and black solid links,
respectively, and the coupling between superconductors and
ferromagnet (tc) is depicted by red dashed links. The system
consists of 2Nx + 1 sites along the x-direction and Ny sites along the
y-direction.

Josephson current density on the superconducting phase dif-
ference, which changes sharply with the momentum along the
junction interface (i.e., the direction of the incident current).
(iii) For clean superconductor-ferromagnet interfaces (i.e.,
strong coupling between superconductors and ferromagnet),
the subgap modes develop flat quasiparticle bands that allow
us to engineer the wave functions of the subgap modes along
an inhomogeneous magnetic junction.

Apart from these results, which are interesting from a fun-
damental point of view, we note that several recent studies
used scanning tunneling microscopy/spectroscopy to explore
the exotic physics associated with chains of magnetic atoms
[22–25]. This suggests that the characterization of an S/FM/S
junction of intermediate size, interpolating between the few
impurities and the continuum junction limits, can be useful
also for device applications.

The outline of the rest of our paper is as follows: In Sec. II,
we present the model of the S/FM/S junction. In Sec. III, we
discuss the characteristic properties of the subgap modes, such
as, in particular, their dispersion relation and dependence on
the superconducting phase difference. Section IV is devoted
to the 0-π transition of the magnetic Josephson junction, and
Sec. V discusses the quasiparticle flat bands of the subgap
modes, together with their effect on the wave functions of
the subgap modes along inhomogeneous magnetic junctions.
Section VI concludes the paper.

II. MODELS

We consider a two-dimensional (2D) S/FM/S junction,
shown schematically in Fig. 1, and we describe it with the

following tight-binding Hamiltonian [26,27]:

Ĥ = ĤL + ĤR + Ĥfm + Ĥtun. (1)

The terms ĤL/R are responsible for the left (L) and right (R)
superconductors, respectively, and they are given by

ĤL/R = − tsc

2

Nx∑
x=1

Ny∑
y=1

∑
σ=↑,↓

ĉ†
∓x,y,σ ĉ∓x,y+1,σ + H.c.

− tsc

2

Nx−1∑
x=1

∑
y

∑
σ

ĉ†
∓x,y,σ ĉ∓x+1,y,σ + H.c.

+ �L/R

Nx∑
x=1

∑
y

ĉ†
∓x,y,↑ĉ†

∓x,y,↓ + H.c.

− μsc

Nx∑
x=1

∑
y

∑
σ

ĉ†
∓x,y,σ ĉ∓x,y,σ , (2)

where ĉx,y,σ is the electron annihilation operator for spin σ

at site (x, y) of the superconductors, μsc gives the Fermi
energy of the superconductors, and �L/R = �sc exp[iϕL/R]
(�sc > 0) is the superconducting pairing potential of each
superconductor. Here, we impose periodic boundary condi-
tions in the y-direction (ĉx,Ny+1,σ = ĉx,1,σ for all x and σ ),
and open boundary conditions in the x-direction. We also
assume identical superconductors on both sides of the junction
(|�L| = |�R|). In the following, we measure energy from the
Fermi level and denote by ϕ = ϕL − ϕR the phase across the
junction. The term Ĥfm describes the one-dimensional ferro-
magnet along the y-direction (see Fig. 1), and it is given by

Ĥfm =
∑

y

[
λM( f̂ †

y,↑ f̂y,↑ − f̂ †
y,↓ f̂y,↓)

− μfm

∑
σ

f̂ †
y,σ f̂y,σ − tfm

2

∑
σ

( f̂ †
y,σ f̂y+1,σ + H.c.)

]
,

(3)

where f̂y,σ is the electron annihilation operator for spin σ at
site y (recall the periodic boundary condition, f̂Ny+1,σ = f̂1,σ ),
μfm controls the Fermi energy of the ferromagnet, and λM

is the magnetic spin-splitting due to the ferromagnetic order.
(Neglecting the dynamic effect associated with the magnetic
moment is valid if the magnetic moment is sufficiently large
and the temperature is well below the Kondo temperature
[14].) Finally, the last term Ĥtun describes the tunnel coupling
between the ferromagnet and superconductors, that is,

Ĥtun = − tc
2

∑
x=±1

∑
y

∑
σ

(ĉ†
x,y,σ f̂y,σ + H.c.). (4)

Given a specific material, the parameters of the above tight-
binding Hamiltonian are not independent of each other in
general. For example, as is well known, in a discretized con-
tinuum model the hopping parameters also contribute to the
on-site energies. In this theoretical work, however, we treat
all parameters as independent in order to make clear their
respective roles in the rich effects of our interest.
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Throughout the paper, we will mainly discuss the numer-
ical results based on the above tight-binding model. On the
other hand, it turns out that some of the results may be un-
derstood more transparently with a continuum model [28–31]
governed by the Bogoliubov de Gennes (BdG) Hamiltonian
[32–34]

Ĥ = 1

2

∫
d2r �̂(r)†HBdG(r)�̂(r) (5)

for a magnetic Josephson junction between two superconduc-
tors (|x| > L/2) through a narrow ferromagnet (|x| < L/2)
with

HBdG(r) =
[
− h̄2∇2

2m
− μ(x) + Vb(x)

]
τ zσ 0

+ �scθ (x − L/2)(cos ϕRτ x − sin ϕRτ y)σ 0

+ �scθ (−x − L/2)(cos ϕLτ x − sin ϕLτ y)σ 0

+ λMθ (L/2 − |x|)τ 0σ z, (6)

where �̂(r) is the Nambu spinor,

�̂(r) = [ψ̂↑(r)ψ̂↓(r)ψ̂↓(r)† − ψ̂↑(r)†]T, (7)

and σα (τα) for α = 0, 1, 2, 3 represent the Pauli matrices act-
ing on the spin (particle-hole) subspace (α = 0 corresponds to
the identity matrix). In Eq. (6), the chemical potential takes
two different values for the superconductors (μ̄sc) and the
ferromagnet (μ̄fm), i.e.,

μ(x) =
{
μ̄sc, |x| > L/2 ,

μ̄fm, |x| < L/2 ,
(8)

and λM quantifies the magnetic spin splitting of the ferromag-
net. The interface between the ferromagnet and superconduc-
tors is modeled by δ-function tunnel barriers

Vb(x) = l0V0δ(x − L/2) + l0V0δ(x + L/2), (9)

where l0 is an arbitrary parameter, physically characterizing
the width of the (thin) potential barrier. In Appendix A, we
discuss the correspondence between continuum and tight-
binding models, and we obtain that, when tc � tsc ≈ tfm, the
strength l0V0 of the interface potential can be related to the
tunneling amplitudes tsc, tc of Eq. (1) as follows:

1

π

(
tsc

tc
− tc

tsc

)
≈

√
2m

μ̄sc

l0V0

h̄
. (10)

Here, we have assumed that the Fermi wave number and the
lattice constant a of the tight-binding model satisfy kFa ≈ π ,
where kF = √

2mμ̄sc/h̄. In Appendix A, we also consider the
relation between chemical potentials entering the two models.
In particular, the difference between μfm and μ̄fm depends
on the confinement energy in the ferromagnetic strip, which
is affected in a nontrivial way by both L and the strength of
interface terms.

III. SUBGAP MODES

When a quasiparticle has energy lower than the super-
conducting gap, it cannot penetrate into the superconductors
and only propagates inside the junction, that is, within the

ferromagnetic region of the S/FM/S junction. Nonetheless,
in a wide junction, the quasiparticle can move along the
interface direction (i.e., the y-direction in Fig. 1), which,
for the moment, we treat as translationally invariant. Under
this assumption, subgap states of quasiparticles form one-
dimensional traveling modes with wave number ky. In this
section, we investigate the characteristic properties of the
subgap modes.

While subgap states in S/FM/S junctions have already
been studied previously [21,35], the focus was on the one-
dimensional (1D) or quasi-1D limit. For the wide junctions of
our concern, the additional dimension along the junction in-
terface should be explicitly accounted for, allowing for richer
phenomena in the subgap region.

Representative examples of subgap modes are shown in
Fig. 2. In general, the dispersion relation exhibits qualita-
tively different profiles depending on the characteristics of
the isolated ferromagnet: metallic, half-metallic, and insulat-
ing. (By “insulator,” we mean a state of matter with a finite
band gap, and we do not distinguish insulators from, e.g.,
semiconductors. This is because the qualitative features of our
main results depend crucially on whether the spin-dependent
bands are gapped or not, but not on the gap size.) When the
ferromagnet is metallic, both spin bands have a Fermi surface,
and the coupling to the superconductor opens a proximity-
induced superconducting gap at the Fermi level. The interplay
between the proximity effect and spin splitting has been the
subject of intensive studies in various contexts, including
spintronics applications [36], and we will not consider this
case. Instead, we will focus in this article on an insulating
(upper panels of Fig. 2) or half-metallic [37–40] ferromagnet
(lower panels). In a half-metallic ferromagnet, one of the spin
bands is lifted above the Fermi level. One may think that, as
superconducting pairing at the Fermi energy is impossible,
proximity-induced subgap states are absent in this case. For
an insulating ferromagnet, both spin bands are lifted above
the Fermi level and, again, one may not expect subgap states.
These arguments, however, are mostly based on the so-called
semiconductor model, which incorporates only the energy gap
around the Fermi level of the superconductor but does not take
properly into account the superconducting pairing correlation.
As shown in Ref. [21] for the insulating ferromagnet case,
there are two different kinds of subgap bound states in the
ferromagnetic region: the usual Andreev bound states and the
Yu-Shiba-Rusinov states. Note that in principle, this feature
persists regardless of the energy gap size in the layer of ferro-
magnetic insulator [1–3,21,29–31,41].

In Fig. 2, the two panels on the left describe a
bad superconductor-ferromagnet interface (i.e., a weak
superconductor-ferromagnet coupling). As seen in panel (a),
the dispersion for the S/FM/S Josephson junction with an
insulating ferromagnet is relatively simple, as it is nearly
quadratic in k2

y . Instead, the dispersion for the junction with
a half-metallic ferromagnet, shown in panel (d), is far richer
even in this limit. In particular, the bare dispersion of the iso-
lated half-metallic ferromagnet (dashed curves) is preserved
near the Fermi level, but there is an anticrossing of the dis-
persion curves belonging to different spins [see the circled
region in Fig. 2(d)], which we attribute to proximity-induced
superconductivity [42–44]. To confirm this interpretation, we
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FIG. 2. Energy spectrum of the subgap modes in the S/FM/S Josephson junction as a function of the transverse wave number ky and tunnel
coupling tc between the superconductor and ferromagnet. The upper panels (a)–(c) are the S/FM/S Josephson junction with an insulating
ferromagnet, and the lower panels (d)–(f) are for the junction with a half-metallic ferromagnet. In (a) and (d), the dispersions of isolated
ferromagnets are shown as thick dashed curves for reference. The anticrossing marked by the red circle in (d) is further analyzed in Fig. 3; see
also the main text. We used μfm = −5.2�sc and λM = −0.1�sc in the upper panels and μfm = −4.8�sc and λM = −0.7�sc in the lower panels.
Other parameters are Nx = 60, ϕ = π/4, μsc = −5�sc, and tsc = tfm = 5�sc. The superconductor-ferromagnetic coupling is tc = 0.4�sc for
panels (a), (d) and tc = 5�sc for panels (b), (e).

have derived an effective model for the ferromagnet, valid at
small tc. In this regime, the low-energy properties of the sys-
tem, especially the modes along the ferromagnetic wire below
the superconducting gap �sc, can be described by integrating
out the superconducting electron operators, ĉx,y,σ and ĉ†

x,y,σ .
Doing so (see Appendix B), we obtain the effective model:

Ĥeff = Ĥfm +
⎛
⎝�eff

∑
y

f̂ †
y,↑ f̂ †

y,↓ + H.c.

⎞
⎠ , (11)

where

�eff = t2
c

4

(
1

�∗
L

+ 1

�∗
R

)
(12)

is the proximity-induced pairing potential inside the ferro-
magnet. As shown in Fig. 3, this estimate agrees well with the
full numerical solution. In particular, the gap at the avoided
crossing is proportional to t2

c , the squared tunneling amplitude
between the superconductor and ferromagnet, as expected in
the weak-tunneling limit [43].

If we now consider a stronger superconductor-ferromagnet
coupling tc, the difference between a half-metallic and insulat-
ing ferromagnet in the S/FM/S Josephson junction gradually
disappears. The nearly transparent interface limit is illustrated
by Figs. 2(b) and 2(e), and the evolution of the profiles as
a function of tc is plotted in Figs. 2(c) and 2(f). For both
half-metallic and insulating ferromagnets, we note that in the

limit of transparent interface, the dispersion is close to the su-
perconducting gap around ky ≈ 0. This behavior is consistent
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c sc/t �
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f
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|

|/
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FIG. 3. Effective pairing potential �eff (empty circles) in the
ferromagnet of an S/FM/S Josephson junction as a function of
tunnel coupling tc between the superconductor and the ferromagnet.
The blue dashed line depicts the magnitude of the proximity-induced
pairing potential according to Eq. (12). Parameters used in the cal-
culations are Nx = 60, ϕ = π/4, tsc = tfm = 5�sc, λM = −0.7�sc,
μfm = −4.8�sc, and μsc = −5�sc.
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with previous studies in quasi-1D junctions [21,35]. On the
other hand, the full dependence on ky shows that the disper-
sion is almost flat. An unusual feature, which was not expected
from the treatment of quasi-1D junctions, is the appearance
of local minima at large momenta (ky ≈ ±kF ), seen in both
panels (b) and (e) of Fig. 2.

To test the robustness of this behavior, we have also ob-
tained the dispersion from the continuum model of Eq. (5).
Details of the solution are presented in Appendix A, and
numerical results are shown in Fig. 8, which can be directly
compared to Fig. 2. As seen, the overall features of the dis-
persion are in good agreement between the two models. In
particular, in the limit of weak superconductor-ferromagnet
coupling, see panels (a) and (d) of Fig. 8, we recover the bare
dispersion of the isolated ferromagnet with anticrossing points
induced by the proximity effect (in the half-metallic case).
When the interface becomes more transparent, i.e., the height
of the δ-function barriers l0V0 decreases, the dispersion of the
subgap states approaches E ≈ ±�sc and significantly flattens
around ky = 0.

Qualitatively, the dispersion is pushed against the super-
conducting continuum when the induced superconducting gap
in the ferromagnet becomes comparable to �sc. Furthermore,
the binding energy of these subgap states is weakly affected
by ky in the strong-coupling regime, at least when |ky| �√

�scm∗/h̄ (where m∗ is the effective mass in the ferromag-
net). Still, some detailed features of the two models differ. In
particular, it is more difficult to obtain minima in the disper-
sion at finite ky based on the continuum model. Only very faint
minima appear in Fig. 8(e) and the minima are absent in the
insulating case; see Fig. 8(b). This behavior might be related
to relatively smaller ky ∼ 0.5kF at which the subgap states
merge the superconducting bulk excitations in Fig. 8. Even
if the dispersion at large ky is more sensitive to the details of
the model, the occurrence of a nearly flat dispersion in a large
range of ky values is a robust feature of the strong-coupling
regime.

IV. 0-π TRANSITION

The competition of superconductivity with various cor-
relation effects, such as strong electron-electron interactions
[15,16,45] or ferromagnetism [14,21,35], has been known to
drive a quantum phase transition which, in Josephson junc-
tions, corresponds to the so-called 0-π transition. In the zero
phase, the ground state of the Josephson junction occurs with
zero phase difference between the two superconductors, and
the supercurrent is positive when 0 < ϕ < π . In the π phase,
the ground state occurs when the phase difference is π , and
the supercurrent through the Josephson junction is negative.

In our system, a similar behavior occurs as the spin split-
ting in the ferromagnet is varied. As expected, at sufficiently
small (large) values of λM the junction is in the 0 (π ) phase.
However, since the Josephson junction has two dimensions,
a more detailed understanding of the 0-π transition should
take into account the dependence on ky. In an intermediate
regime around the transition point, we find that the character
of the subgap states is mixed, i.e., some subgap states favor
the zero phase while the others favor the π phase (depend-
ing on the wave number ky). In other words, for a range

of intermediate values of λM some of the subgap states in
the zero (π ) phase give a negative (positive) contribution to
the current, which is opposite to the total Josephson current.
Since the effect depends on ky, it could be probed by mea-
suring the Josephson current as a function of incident angle
to the junction interface. While such transport experiments
are nontrivial, similar angle-resolved measurements were per-
formed by embedding a quantum point contact in front of the
interface in a semiconductor-superconductor hybrid system
[46], or by applying a potential barrier parallel to the inter-
face and analyzing the Fabry-Pérot conductance oscillations
in graphene-superconductor hybrid devices [47–49]. We sup-
pose that analogous experiments are feasible for our model
systems as well.

The behavior described above is illustrated by Fig. 4, where
the energies of the subgap states as a function of ϕ are shown,
for two different values of ky. We observe that for a small
spin splitting [Fig. 4(a)] the ky = 0 and large-ky phase de-
pendencies both favor a Josephson junction in the zero phase,
with the large-ky subgap state (orange dashed curves) giving
a smaller contribution to the current. At intermediate spin
splitting [Fig. 4(b)], the large-ky quasiparticles are in a regime
favoring the π phase. However, the phase dependence at ky =
0 is qualitatively different, and it is not obvious if these states
favor the zero phase or not. To clarify the issue, we compute
explicitly the wave-vector-resolved Josephson current:

Iky (ϕ) = −|e|
h̄

2∑
n=1

∂En(ky)

∂ϕ
, (13)

where the summation over n is restricted to subgap states with
positive energy En. In Eq. (13) we have assumed the zero-
temperature limit. For the ky = 0 subgap states of Fig. 4(b),
Eq. (13) gives a positive current around ϕ � 0, which changes
sign when approaching ϕ = π . The full dependence of Iky (ϕ)
is presented in Fig. 5(a), showing the nontrivial behavior of
the sign in the “mixed” regime. Finally, as the spin splitting
increases further [Fig. 4(c)], the subgap states favor the π

phase over the entire range of ky.
For the three panels of Fig. 4, we have also obtained in

Fig. 5(b) the total Josephson current, computed from Eq. (13)
as Itot (ϕ) = ∑

ky
Iky (ϕ). Due to the periodic boundary condi-

tion along y, the wave vector is discretized as ky = 2π j/Nya
( j = 1, 2, . . . , Ny), where Nya is the total width of the junction
(see Fig. 1). The phase dependence in Fig. 5(b) is consis-
tent with previous discussions. While the smallest (largest)
value of λM leads to a zero (π ) junction, at intermediate spin
splitting both zero and π states are locally stable to small
variations of the phase. A discontinuous behavior of Itot (ϕ)
(red dotted curve) is actually typical of the 0-π transition
region. For example, a similar dependence on ϕ is obtained
considering the supercurrent through a quantum dot in a
regime of intermediate couplings [15]. One might be tempted
to relate the 0-π transition to an oscillatory behavior inside
the ferromagnetic region. This interpretation, in which the
finite transverse momentum (due to the incident angle) makes
the quasiparticle feel a thicker ferromagnetic region, may be
relevant for multiple Andreev reflection scenarios, especially
in thick junctions. Within this scenario, the scattering prop-
erties depend sensitively on kx (varied through the incident
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FIG. 4. Energy-phase relation of the subgap modes in an S/FM/S Josephson junction for (a) small (λM/�sc = −0.1), (b) intermediate
(λM/�sc = −2.7), and (c) large (λM/�sc = −4.2) spin splitting. The energies are plotted as a function of superconducting phase difference ϕ

at small (ky = 0, blue solid curves) and large (kya/π = 4.464, orange dashed curves) momenta. Other parameters used in the calculation are
Nx = 60, μsc = −5�sc, μfm = −5.2�sc, and tc = tfm = tsc = 5�sc.
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FIG. 5. Josephson current in various regimes. (a) Plot of the
wave-vector resolved Josephson current for the intermediate regime
of the previous Fig. 4(b). The color scale refers to Iky (ϕ)/I short

c ,
where I short

c = |e|�sc/h̄, and Iky (ϕ) is computed from Eq. (13). The
horizontal lines mark the two wave vectors of Fig. 4(b). (b) To-
tal Josephson current as a function of the superconducting phase
difference. The black dashed, red dotted, and blue solid curves
are plotted with the same parameters of panels (a)–(c) of Fig. 4,
respectively.

angle). However, the ferromagnetic layer of our system is
thin, so that we model it by a δ-function potential. Natu-
rally, there is no spatial oscillation (in the x-direction) of the
wave function inside the junction, which would be the cause
of 0-π oscillations in a thick junction. Rather, we suppose
that the 0-π transition is a result of the interplay between
magnetism and superconductivity, analogous to that between
a magnetic impurity (Kondo effect) and superconductivity
[15,16].

The strong deviations from the sinusoidal dependence at
small λM can also be understood qualitatively with a com-
parison to the quantum dot model. Since the result in Fig. 5
is computed with a transparent barrier, tc = tsc, the small-λM

limit bears a similarity to the supercurrent through a quan-
tum dot in the limit of resonant transmission. In that case,
a Josephson current with the asymmetric phase dependence
Ishort
c sin ϕ/2 (for −π < ϕ < π ) is approached, where Ishort

c =
|e|�sc/h̄ is the maximum current for a single 1D channel
[15,29,30]. In our system, we see in Fig. 4(a) that the ky = 0
states follow closely this ideal limit, but the large-ky states
largely depart from it. As a result of these large-ky contribu-
tions, the total current does not reach the maximum allowed
value, NyIshort

c , and it deviates from the “period-doubling”
dependence ∝ sin ϕ/2 (which would be discontinuous at ϕ =
π ); see the black dashed curve of Fig. 5(b).

Finally, we stress that, although Fig. 4 was computed with
the tight-binding model of Eq. (1), the same behavior is found
from the continuum model. Explicit calculations based on
Eq. (6) are presented in Appendix A, where the energy-phase
relation of the subgap modes is shown in Fig. 9.

V. QUASIPARTICLE FLATBAND EFFECTS

As discussed in Sec. III, the regime of large tc leads to
subgap states with a flat dispersion. This feature might be
useful to engineer the wave functions of subgap modes along
an inhomogeneous ferromagnetic junction. In general, trans-
port properties become extraordinarily sensitive to defects
or impurities when the effective mass is extremely heavy.
One possibility here is to introduce domain walls along the
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FIG. 6. (a) Ground-state density profile ρy for three represen-
tative values of tc = 0.4�sc (blue dashed curve), 4.2�sc (thick red
solid curve), and 5�sc (orange dashed curve). Black vertical dashed
lines indicate the domain walls at y = ±85a (see also the inset).
(b) The corresponding subgap energy dispersions for a uniform do-
main. Parameters used in the calculations are Nx = 60, Ny = 301,
ϕ = π/4, μsc = μfm = 5�sc, tsc = tfm = 5�sc, λM,1 = −0.1�sc, and
λM,2 = 0.1�sc.

ferromagnet so as to cause strong scattering at those in-
terfaces. Note that recent developments of state-of-the-art
technologies in spintronics [50–52] allow one to control such
domain walls with high precision and speed.

In the following, we focus on an insulating ferromagnet
and consider S/FM/S Josephson junctions with two domains.
For the inhomogeneous junction of Fig. 6, the inner domain
has a positive spin splitting λM,1 > 0, while the outer domain
(recall the periodic boundary condition in the y-direction)
has a negative value λM,2 < 0. For such an inhomogeneous
system, a quasiparticle of energy ε is not a plane wave but has
the generic form γ̂ε = ∑

y,σ (uy,σ f̂y,σ + vy,σ f̂ †
y,σ ) + γ̂sc, where

γ̂sc is the contribution from the superconducting leads. By
considering the lowest-energy subgap state (with ε > 0), we
characterize the density profile along the ferromagnetic chain
through

ρy =
∑

σ

(|uy,σ |2 + |vy,σ |2), (14)

which is plotted in Fig. 6(a) for three choices of tc. As seen,
the wave-function profile changes abruptly across the domain
walls. In the inner domain, the wave function has the charac-
teristics of a traveling wave, whereas it is evanescent in the
other domain. The almost total reflection of the wave func-
tion incident from the inner to outer domain is significantly
enhanced by the heavy effective mass, making the penetration
depth around tc = 4.2�sc (thick red curve) extremely short.
For reference, we show in Fig. 6(b) the corresponding disper-
sion of subgap modes for the uniform S/FM/S junctions (i.e.,
assuming a constant λM = λM,1 > 0). The dispersions corre-
spond well to the behavior of panel (a). For the smallest value
of tc = 0.4�sc the flattening of dispersions has not occurred
yet, thus the reflection of the wave functions at the domain
walls is not so dramatic as for tc = 4.2�sc. By further increas-
ing tc, the dispersion develops two minima at finite ky, thus the
quasiparticles are actually characterized by a relatively small
effective mass, in agreement with the weaker reflection at the
interface. At tc = 5�sc, the fast oscillations seen in ρy reflect
the large wave-vector difference between the two valleys.

Despite the reasonable agreement between panels (a) and
(b) of Fig. 6, the effective mass is not the only factor that deter-
mines the penetration length. For example, the relatively long
penetration depth at tc = 5�sc, see Fig. 6(a), seems difficult to
explain only based on the effective mass. Another important
factor to take into account should be the effective barrier at
the domain wall. We note that in panel (b), the energy differ-
ence between the two tc = 5�sc subgap bands is significantly
smaller than the splitting at tc = 0.4�sc. The smaller energy
spitting might be related to a reduced potential step, seen by
the quasiparticles when entering the opposite ferromagnetic
domain. This effect would help explain the longer penetration
depth at tc = 5�sc. In general, while the interface scattering
between domains is a rather involved problem, Fig. 6 indicates
that the localization properties can be enhanced in the regime
of good S/FM interfaces.

Figure 7 further demonstrates the effects of the flatbands
on the population density of quasiparticles. Here, at variance
with Fig. 6, the two domains have parallel spin polarization
(both λM,1 and λM,2 are positive). In panel (a) we plot ρy

as a function of the spin splitting λM,2 of one domain (with
the spin splitting λM,1 fixed for convenience). As the spin
splitting is varied, the population densities in the two do-
mains are switched abruptly. In Fig. 7(b) we show that this
effect is greatly enhanced when the tunnel coupling between
the superconductor and ferromagnet is tuned to a regime of
flatbands, making the switching behavior much sharper. One
possible application of such a behavior is realizing a local
switch of Josephson current through the modulation of the
magnetization of ferromagnetic domains.

VI. CONCLUSION

We studied two-dimensional S/FM/S junctions, assuming
that the narrow ferromagnetic strip is metallic, half-metallic,
or insulating. By investigating the subgap modes along the
junction interface, we find that they inherit the characteris-
tics of the Yu-Shiba-Rusinov states that originate from the
interplay between superconductivity and ferromagnetism in
the magnetic junction. Such characteristics lead to several
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FIG. 7. Switching behavior with parallel domains. In (a) we plot
ρy as a function of the spin splitting λM,2 of the second ferromag-
netic domain. The red horizontal line marks the domain wall and
the black dashed vertical line corresponds to λM,2 = λM,1 (homoge-
neous junction). As shown in the lower-panel inset, domain 2 spans
from site Ny/2 + 1 to site Ny (calculations were performed on a
lattice with size [−Nx, Nx] × [1, Ny], where Nx = 60 and Ny = 150).
Panel (b) is the same as (a), except that the tc is chosen to yield a
nearly “flat” quasiparticle dispersion. The two values of tc are 0.4�sc

and 4.395�sc for panels (a) and (b), respectively. Other parameters
are ϕ = π/4, μsc = −5�sc, tsc = tfm = 5�sc, μfm = −5.2�sc, and
λM,1 = 0.1�sc.

intriguing properties that are not observable in 1D or quasi-
1D magnetic junctions: First, the dispersion relation of the
subgap modes shows characteristic profiles depending on the
transport state (metallic, half-metallic, or insulating) of the
ferromagnet, as well as the quality of the superconductor-
ferromagnet interface. Second, the subgap modes induce a
0-π transition in the Josephson current across the junction
as the spin splitting in the ferromagnet is increased. The
Josephson current density as a function of superconduct-
ing phase difference changes sharply with the momentum
along the junction interface (i.e., the direction of the inci-
dent current). Finally, for clean superconductor-ferromagnet
interfaces (i.e., strong coupling between superconductors and
ferromagnet), the subgap modes develop flat quasiparticle
bands. Such flat bands turn out to be useful in engineering
the wave function of subgap modes along an inhomogeneous

magnetic junction. We note that the recent development of
state-of-the-art technologies in spintronics [50–52] enables
controlling domain walls in a ferromagnetic nanowire with
high precision and speed, making our findings relevant for
experiments. In this work, we have considered a 2D junction.
However, we expect that most features of a 3D junction will be
essentially the same as the 2D case, after substituting the para-
metric dependence of subgap states on transverse momentum,
ky with

√
k2

y + k2
z . The key difference between 1D and higher

dimensions is the existence of transverse modes.
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APPENDIX A: DISCUSSION OF THE CONTINUUM
MODEL

In this Appendix, we analyze the junction using the con-
tinuum model given by Eqs. (5)–(8). A comparison of the
dispersion relations, see Figs. 2 and 8, shows that the con-
tinuum and tight-binding models are in qualitative agreement.
A more detailed discussion is provided at the end of Sec. III.
The behavior of the energy-phase relation, see Figs. 4 and 9,
is also robust to the choice of model. As seen in panel (a), for
small spin splitting the junction is in the 0 phase regardless of
its transverse momentum ky. By increasing the spin splitting,
the junction enters an intermediate regime characterized by
qualitatively different behavior as a function of ky; see panel
(b). Finally, the junction enters the π phase at large values of
λM.

In comparing predictions of the two models, it is impor-
tant to choose parameters that are in corresponding physical
regimes. This point is not so trivial, and in the rest of
this Appendix we discuss how to relate the two sets of
parameters. Consider first the ferromagnet-superconductor
interface, where in the tight-binding model we have intro-
duced a ferromagnet-superconductor tunneling amplitude tc.
Instead, in the continuum model the interface is described by
δ-function tunnel barriers of strength l0V0 [see Eq. (9)]. To
relate tc and l0V0, we consider a 1D toy model of a single
interface:

Hcont = − h̄2

2m

∂2

∂x2
− μ(x) + l0V0δ(x), (A1)

where l0V0 > 0 and μ(x) = μLθ (−x) + μRθ (x). As we wish
to establish an approximate relation, here we have neglected
superconductivity and ferromagnetism. The momentum ky

along the interface is conserved, thus it does not appear ex-
plicitly (it affects the values of μL,R). At energy E , Eq. (A1)
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FIG. 8. Energy spectrum of the S/F/S junction, obtained with the continuum model of Eq. (5). The transverse wave-vector ky is expressed
in units of kF = √

2mμ̄sc/h̄. In the upper panels we have used μ̄eff
fm = −0.2�sc and λM = 0.1�sc. In the lower panels μ̄eff

fm = 0.2�sc and
λM = 0.7�sc. μ̄fm is computed from μ̄eff

fm as described in the last part of Appendix A. Other parameters are μ̄sc = 10�sc, L = k−1
F , while the

inverse barrier height is given by (l0V0)−1 = 0.01kF /μ̄sc for panels (a) and (d) and (l0V0)−1 = 0.075kF /μ̄sc in panels (b) and (e).

gives the tunneling coefficient:

Tcont = 4kLkR

(kL + kR)2 + λ2
0

, (A2)

where kL/R = √
2m(E + μL/R)/h̄ and λ0 = 2ml0V0/h̄2. On

the other hand, the 1D tight-binding model,

HTB =
∑
j<1

εLĉ†
j ĉ j +

∑
j�1

εRĉ†
j ĉ j − tc

2
(ĉ†

1ĉ0 + H.c.)

− t

2

∑
j 
=0

(ĉ†
j+1ĉ j + H.c.), (A3)

gives the tunneling coefficient

TTB = 4 sin k(TB)
L sin k(TB)

R

2
[
1 − cos

(
k(TB)

L + k(TB)
R

)] + ( tc
t − t

tc

)2 , (A4)

with k(TB)
L/R = arccos[−(E − εL/R)/t]. After taking the long-

wavelength limit, i.e., setting sin k(TB)
L/R ≈ k(TB)

L/R = akL/R, the

expressions of Tcont and TTB coincide, giving

2ml0V0

h̄2 � 1

a

∣∣∣∣ t

tc
− tc

t

∣∣∣∣. (A5)

By dividing both sides by kF = √
2mμ̄sc/h̄ and assuming

akF ≈ π , we obtain Eq. (10) in the main text.
Another aspect worth discussing is the choice of μ̄fm. This

parameter is critical in determining if the ferromagnet is in-
sulating or half-metallic. However (differently from μfm in
the tight-biding model), μ̄fm should take into account the siz-
able confinement energy induced by the narrow ferromagnetic
strip. For an opaque interface, the half-metallic or insulating
behavior is determined by the energy E of the lowest 1D
subband (at ky = 0), rather than directly on μ̄fm. The value
of E depends on the chemical potential μ̄fm, but also on the
width L of the strip and the tunnel barriers.

To estimate a suitable μ̄fm, we suppose that the lowest
subband energy of the isolated ferromagnet is within the su-
perconducting gap at ky = 0, and it corresponds to the desired
behavior (say, insulating). At such energy E , the exponential

FIG. 9. Energy-phase relation for the subgap states at ky = 0 (blue solid curves) and ky = 0.4kF (orange dashed curves), obtained by using
the continuum model in Eq. (5). Panels (a)–(c) are for λM = 0.1�sc, 0.7�sc, and 1.7�sc, respectively. Other parameters are μ̄sc = 10�sc,
μ̄eff

fm = 0.4�sc, L = k−1
F , and (l0V0 )−1 = 0.075kF /μ̄sc.
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decay of the wave function in the superconductor is given by

κ = Im

[√
2m

h̄2

√
μ̄sc +

√
E2 − �2

sc

]
. (A6)

As we are interested in the lowest-energy 1D subband, we
consider a nodeless wave function of the following form:

ψ (x) =
{

csce−κ|x| for |x| > L/2,

cfm cos(kx) for |x| � L/2.
(A7)

Here, for simplicity, we have neglected superconductivity
and magnetism and assumed a single-component wave func-
tion. The wave vector inside the strip is given by k =√

2m(E − μ̄fm )/h̄. Note that the confinement inside the strip
leads to an increase in energy, therefore E should satisfy
E − μ̄fm > 0. For given E , we compute csc,fm and μ̄fm from
the interface potential Vb(x) by imposing the usual boundary
conditions of the δ functions at x = ±L/2.

In summary, using a desired (approximate) subband energy
E as an input, the above procedure allows us to find a suitable
value of μ̄fm, which is the actual parameter entering Eq. (6).
We can consider μ̄eff

fm = −E as an effective chemical potential,
corresponding more closely to μfm of the tight-binding model.
Fixing μ̄eff

fm instead of μ̄fm is especially useful when changing
l0V0 continuously, as in panels (c) and (f) of Fig. 8. This
approach allows us to increase the leakage in the superconduc-
tor, thus decreasing the confinement energy, without changing
the physical regime of interest (insulating or half-metallic).

APPENDIX B: PROXIMITY EFFECT ON THE
FERROMAGNET

In this Appendix, we derive the effective model for the
ferromagnet alone within the subgap regime, starting from the
partition function of the system [53]. In the functional-integral
representation, it is given as follows:

Z =
∫

D[c]D[ f ] exp[−S], (B1)

with the total action

S = SL + SR + Sfm + Stun, (B2)

where the terms correspond to the respective terms in the total
Hamiltonian in Eq. (1). Specifically, the components of the
total action are given by

SL =
∑

n

∑
y,y′

∑
x,x′<0

C†
x,y,n

[ − G−1
L (iωn; x, x′, y − y′)

]
Cx′,y′,n

(B3a)

SR =
∑

n

∑
y,y′

∑
x,x′>0

C†
x,y,n

[ − G−1
R (iωn; x, x′, y − y′)

]
Cx′,y′,n

(B3b)

Sfm =
∑

n

∑
y,y′

F†
y,n

[−G−1
fm (iωn; y − y′)

]
Fy′,n (B3c)

Stun = − tc
2

∑
n

∑
y

(C†
−1,y,nτ

zFy,n + C†
+1,y,nτ

zFy,n + H.c.)

(B3d)
with Green functions

G−1
L/R(iωn; x, x′, y − y′) = iωn − HL/R(x, x′, y − y′) , (B4)

G−1
fm (iωn; x, x′, y − y′) = iωn − Hfm(x, x′, y − y′) , (B5)

where ωn := 2π (n + 1/2)/β, for integer n and inverse tem-
perature β, is the fermion Matsubara frequency, and HL/R and
Hfm are single-particle Hamiltonians for the superconductors
and ferromagnet, respectively, corresponding to Eqs. (2) and
(3).

Grassmann-valued fields Cx,y,n and Fy,n take the same
Nambu form as in Eq. (7):

Cx,y,n = [cx,y,n,↑ cx,y,n,↓ c∗
x,y,n,↓ − c∗

x,y,n,↑]T, (B6)

Fy,n = [ fy,n,↑ fy,n,↓ f ∗
y,n,↓ − f ∗

y,n,↑]T. (B7)

The effective action for the ferromagnet is obtained by
integrating out the c-field from the action in Eq. (B1), and
it reads

Seff =
∑
y,y′

∑
n

F†
y,n

[ − G−1
eff (iωn; y − y′)

]
Fy′,n (B8)

with the effective Green’s function

G−1
eff (iωn; y − y′) = iωn − Heff (y − y′), (B9)

where

Heff (iωn; y − y′) = Hfm(y − y′)

+ t2
c

4
τ zGL(iωn; −1,−1, y − y′)τ z

+ t2
c

4
τ zGR(iωn; 1, 1, y − y′)τ z. (B10)

In the low-energy limit, such that |h̄ωn| � �sc, the ωn depen-
dence in Heff can be ignored. Furthermore, considering wave
vectors close to the Fermi wave number, such that εk ≈ μsc,
Eq. (B10) in momentum space becomes

Heff ≈ [λMσ z − tfm cos(kya) − μfm]τ z

+ τ xRe�eff − τ yIm�eff , (B11)

with lattice constant a and the proximity-induced pairing
potential �eff as in Eq. (12). This single-particle form of
the effective BdG Hamiltonian for the ferromagnet alone is
equivalent to Eq. (11) of the main text, where it is expressed
in terms of electron annihilation and creation operators, f̂y,σ

and f̂ †
y,σ .
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