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CLIFFORD GATES
GOTTESMAN-KNILL THEOREM (GOTTESMAN, 1998)

<latexit sha1_base64="MCB/6pWBTwh0nM9wB5qM1iCsX/8="></latexit>
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MATCHGATES
Valiant (SAIM J. Comp., 2002)

<latexit sha1_base64="/IPjEa+gB6RKEHWmFQYstFJ1Phc="></latexit>

G(A,B) :=
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Parity conservation



CNOT IS NOT A MATCHGATE!

cf. Loss & DiVincenzo (PRA, 1998)

<latexit sha1_base64="5VABjay020lUNFIvyzzZbF7NqSE="></latexit>
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Parity is not preserved.



SWAP IS NOT A MATCHGATE!
<latexit sha1_base64="2MOoQ/Qa9fisUnLpOmgOFWoXD2A="></latexit>

SWAP :=
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<latexit sha1_base64="+TuavGtTBgkCZyyWWNZ9jxeFIbo=">AAACCHicbZDLSsNAFIYn9VbjLerShYNFcFFLIlLdCFU3LivYCzShTCbTduhkEmcmQglduvFV3LhQxK2P4M63cZpmoa0/DPx85xzOnN+PGZXKtr+NwsLi0vJKcdVcW9/Y3LK2d5oySgQmDRyxSLR9JAmjnDQUVYy0Y0FQ6DPS8ofXk3rrgQhJI36nRjHxQtTntEcxUhp1rX03IApewgvoQLdcdu8TFJgZu9Ls2OlaJbtiZ4LzxslNCeSqd60vN4hwEhKuMENSdhw7Vl6KhKKYkbHpJpLECA9Rn3S05Sgk0kuzQ8bwUJMA9iKhH1cwo78nUhRKOQp93RkiNZCztQn8r9ZJVO/cSymPE0U4ni7qJQyqCE5SgQEVBCs20gZhQfVfIR4ggbDS2Zk6BGf25HnTPKk41Ur19rRUq+dxFMEeOABHwAFnoAZuQB00AAaP4Bm8gjfjyXgx3o2PaWvByGd2wR8Znz9CgZZd</latexit>

detA = 1 , detB = →1

cf. Loss & DiVincenzo (PRA, 1998)



VALIANT’S THEOREM

• Any (possibly non-unitary) gate satisfying the matchgate 
identities.

• Arbitrary single-qubit gates on the first qubit.

Valiant (SAIM J. Comp., 2002)



FREE-FERMION GATES

• Knill (2001)
• Terhal & DiVincenzo (PRA, 2002)
• Cai, Choudhary, Lu (2009)
• Jozsa, Miyake, Strelchuk (2015)

<latexit sha1_base64="k4lViXQoXleOlz/QZfN3BWj0F6g="></latexit>

Ĥ = â
†
iAijaj + (aiBijaj + h.c.) , A

† = A , B
T = B

<latexit sha1_base64="7AgixX++bBU+yUsJYyPzI94oqLU="></latexit>

Ĥ =
i

4
ĉiAij ĉj , A

T = →A

<latexit sha1_base64="U77WhPuQK/8LwIg3sscyRmS850k="></latexit>

âi :=
1

2
(ĉi + iĉn+i)



FERMIONIC QUANTUM COMPUTATION

• Interacting fermions
• Non-demolition fermion-parity measurements

Bravyi & Kitaev (Ann. Phys., 2002)



FERMIONIC GAUSSIAN SIMULATION
FERMIONIC OPEN QUANTUM SYSTEM

Bravyi (2005, 2012)
Fang, Choi, Lee, M.-S. Choi (2026)



Gaussian = Every higher moment from two-point correlator

GAUSSIAN?



FERMIONIC GAUSSIAN PURE STATES

<latexit sha1_base64="Ia1Ray0QiR+HrKDPhN2K6cMmSXc=">AAAB93icbY/LSsNAGIX/8VrrLerSzWARXJWkSF0JhS50JRHsBZoaJpNpO+QyITNVSsijiDvRpU/i1r6NaZKFth4YOHznPzDHiXwula7P0dr6xubWdmWnuru3f3CoHR13pZjGlHWo8EXcd4hkPg9ZR3Hls34UMxI4Pus5XnuR955YLLkIH9QsYsOAjEM+4pSoDNla2/KYSixT8tS+wdfYmhDl2Maj5ZJx4RuFp65QsiB3BcmLOLUdW6vpdT0XXjVGaWpQyrS1F8sVdBqwUFGfSDkw9EgNExIrTn2WVq2pZBGhHhmzQWZDEjA5TPKxKT7PiItHIs5eqHBOfzcSEkg5C5zsMiBqIpezBfw38/gzz8Nsj7H8+1XTbdSNZr15f1lrmeWyCpzCGVyAAVfQglswoQMUPuALvmGOZugVvaH34nQNlZ0T+CP0+QOQYpOL</latexit>

|!→G = b̂†1b̂
†
2 · · · b̂

†
N | →b

<latexit sha1_base64="4E87XWwOP7Baqv+U1uJuOoKp4nU=">AAAB9XicbY/NSsNAFIVv6l+Nf1GXboJFqAglEakroeLGZQTTFpoaJtNpOu1MEjITSwl9lO5Elz6JW8W3MY1Z1NYDA2fOdy/c40WMCmkY30ppbX1jc6u8re7s7u0faIdHTREmMSY2DlkYtz0kCKMBsSWVjLSjmCDuMdLyRndz3nomsaBh8CgnEely5Ae0TzGSWeRqt84ASc+lunqjOyLh7tBhpC+rtpvS4XQOUQYv9Obi/8npId+JqT+Q56qrVYyakUtfNWZhKlDIcrWZ0wtxwkkgMUNCdEwjkt0UxZJiRqaqkwgSITxCPulkNkCciG6aV53qZ1nS0/thnL1A6nm6uJEiLsSEe9kkR3Igltk8/JeN6JjmMOtjLl+/apqXNbNeqz9cVRpW0awMJ3AKVTDhGhpwDxbYgOENPuATvpSxMlNelNff0ZJS7BzDHynvP/bkkek=</latexit>

b̂i =
)︄

j

[︄
Uij âi + Vij â

†
i

]︄

<latexit sha1_base64="aV2NYEQfe/v6brEcFyv/9S5gyQ8=">AAACHHicbVDLSsNAFL2pr1pfUZdugkVwUUIiUldCwY3LCvYBnRomk2k77eRhZqKUkE/Rr3EnuhT8D7eKaRpBGw8McziPy9yxA86ENIx3pbS0vLK6Vl6vbGxube+ou3tt4UchoS3icz/s2lhQzjzakkxy2g1Cil2b0449uZj5nTsaCuZ713Ia0L6Lhx4bMIJlKlnqCMVohKVtsdr8Ht8gBw9Rop1ryKFcYitm40RDtRq6jbBTKeTn0R81axdHGbqlVg3dyKAViZmTKuRoWuoDcnwSudSThGMheqYRyH6MQ8kIp0kFRYIGmEzwkPZS6mGXin6c/UiiHaWKow38MD2e1DL1dyPGrhBT106TLpYjsejNxH+9CbtnmZnuYy6+vkjaJ7pZ1+tXp9VGM9+sDAdwCMdgwhk04BKa0AICr/ABn/ClPCpPyrPyMo+WlLyzD3+gvH0DUduhIA==</latexit>

{b̂i, b̂†j} = ωij , {b̂i, b̂j} = {b̂†i , b̂
†
j} = 0.



FERMIONIC GAUSSIAN MIXED STATES

<latexit sha1_base64="Ah+xOAuXB+VzxwyQ8fKjGCuqxvM="></latexit>

C = I → iV , Cij := ↑ĉiĉj↓ω

<latexit sha1_base64="jdKaCfuMkr3bJdY2wYtsHq/zYnw="></latexit>

ω̂[x] =
P

2n
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)︄

[︄ i

2

2n]︄

i,j=1

xiVijxj

⌊︄

⌋︄ , {xi, xj } = 0



FERMIONIC GAUSSIAN PROCESS
CHOI-JAMIOLKOWSKI ISOMORPHISM

<latexit sha1_base64="Ov6iBpEPxL5eXBSlg0QRy09nv6s="></latexit>

ω̂F := (F →F I)ω̂! , ω̂! :=
1

22n

2n)︄

i=1

[︄
I + i ĉid̂i

]︄Fermionic dual state

<latexit sha1_base64="35wlOGnUPMxrM++iseo53ev7n4Y="></latexit>

ω̂→ = F(ω̂) =
)︄

µ

F̂µω̂F̂
†
µ,



FERMIONIC GAUSSIAN PROCESS
CHOI-JAMIOLKOWSKI ISOMORPHISM

<latexit sha1_base64="bfN3vO5dKtdes8aWYOTC31NStZQ="></latexit>

ω̂F[x, y] =
fF
22n

exp [iSF (x, y)]

<latexit sha1_base64="BOivXhu5qdtKirUMN4kuPNV6Eyo="></latexit>

SF(x, y) :=
1

2

)︄
xT yT

[︄ ]︄ A B
→BT D

⌊︄ ]︄
x
y

⌊︄

<latexit sha1_base64="9IJzAGzZMiblv2wO5j5LstcOb4I="></latexit>

VF = A+B(I + V D)→1V BT

PF = (→1)nfF Pf(V ) Pf(V →1 +D)P



HERMITIAN NON-HERMITIAN DYNAMICS
<latexit sha1_base64="PDV6Nb+g+uM4CoT+c6D/u3BFeCg="></latexit>

Ŵ (t) := exp(→ i tK̂) , K̂ = Ĥ → i !̂

<latexit sha1_base64="Uk2TABQF43xJMxISoGioa//qmW8="></latexit>

Ĥ =
i

4

)︄

i,j

ĉiHij ĉj

!̂ =
i

4

)︄

i,j

ĉi!ij ĉj + !0

<latexit sha1_base64="GojexH6tn8ZUmbOJmiw68G+EfH4="></latexit>

dV

dt
= [H,V ]→ (!+ V !V )Matrix Riccati equation



FERMION MEASUREMENT

<latexit sha1_base64="rhOyj7OKkpeSSPXHpjyuoIPyZbU="></latexit>

n̂i := â†i âi

<latexit sha1_base64="/oOjdB7yT4WhVC6Q1gndt4gwvMk="></latexit>

n̂b := b̂†b̂ , b :=
)︄

i

wiĉi



FERMION DISSIPATION

<latexit sha1_base64="EQTR4mc1cVl4eiZbsxftcb43Pec="></latexit>

ω̂ →↑ bω̂ b† , b :=
)︄

i

wiĉi



FERMION DEPHASING
INCLUDING CONTINUOUS MONITORING

<latexit sha1_base64="mK383n8PNQZEyBG3h/YNce8k49Y="></latexit>

ω̂ →↑ (b†b)ω̂ (b†b) , b :=
)︄

i

wiĉi



FERMIONIC RANDOM CIRCUIT SIMULATION
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CONTINUOUS MONITORING
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Fang, Choi, Lee, M.-S. Choi (Adv. Quant. Tech. 2026)
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LIOUVILLIAN SKIN EFFECT
DISSIPATIVE OUT-OF-TIME-ORDERED CORRELATOR (OTOC)



<latexit sha1_base64="N4k7quxqjchcM8DxFQtUwlz77Ho="></latexit>

HHN := →
)︄

i

(J + ω)c†i ci+1 →
)︄

i

(J → ω)c†i+1
ci

NON-HERMITIAN SKIN EFFECT
HATANO-NELSON MODEL

Kawabata, Numasawa, Ryu (PRX, 2023)



LIOUVILLIAN SKIN EFFECT

<latexit sha1_base64="sA0Hol8JVsYP77JQP8b37S44K60="></latexit>

Ai :=
→
ω(ci + ici+1)

Bi :=
→
ω(c†i + ic†i+1)

<latexit sha1_base64="LBJ+JKA/6h/qYrh05feA4Zzm5FQ="></latexit>

dω

dt
= →i[H, ω] +

)︄

i

[︄
AiωA

†
i →

1

2
{A†

iAi, ω }
]︄
+ (Ai ↑ Bi)

<latexit sha1_base64="2iphEqBP49ehyzuOHBQogp0dRU0=">AAACDnicbZDLSsNAFIYn9VbrLerSzWApCMWQiFQRhIKb4qqCvUATw2QyacdOLsxMhBL6BG58FTcuFHHr2p1v47TNQlt/GPj4zzmcOb+XMCqkaX5rhaXlldW14nppY3Nre0ff3WuLOOWYtHDMYt71kCCMRqQlqWSkm3CCQo+Rjje8mtQ7D4QLGke3cpQQJ0T9iAYUI6ksV6804MUlPL62RRq69xC79M72UV9BRqvWGFbhwMCGq5dNw5wKLoKVQxnkarr6l+3HOA1JJDFDQvQsM5FOhrikmJFxyU4FSRAeoj7pKYxQSISTTc8Zw4pyfBjEXL1Iwqn7eyJDoRCj0FOdIZIDMV+bmP/VeqkMzp2MRkkqSYRni4KUQRnDSTbQp5xgyUYKEOZU/RXiAeIIS5VgSYVgzZ+8CO0Tw6oZtZvTcr2Zx1EEB+AQHAELnIE6aIAmaAEMHsEzeAVv2pP2or1rH7PWgpbP7IM/0j5/AN2fmYg=</latexit>

H := →J

)︄

j

c
†
i ci+1 + h.c.

<latexit sha1_base64="tqFCiSOfjpNqK6xoeqTT2QPxq34="></latexit>

He! = H → i! , ! :=
1

2

)︄

i

A
†
iAi +

1

2

)︄

i

B
†
iBi



KITAEV MODEL
MAJORANAS ON 2D HONEYCOMB LATTICE





EFFECTIVE MAJORANA MODEL

<latexit sha1_base64="jnAeK8zH8hvWM6OUx5lvrF9m0KE="></latexit>

H =
i

4

)︄

ij

ciAijcj



QUENCH DYNAMICS

Az

Az

B

B

AyAx

(1, 0, 0)
(0, 1, 0)

(Jx, Jy, Jz) = (0, 0, 1)

(0, 0,→1)
1 1. Jz ↑ →↓

2 2. Jz = →(Jx+Jy)

3 3. Jz = →|Jx→Jy|

4 4. Jz = 0

5 5. Jz = +|Jx→Jy|

6 6. Jz = +(Jx+Jy)

7 7. Jz ↑ +↓

<latexit sha1_base64="OCd20Xu0b45hG5UHghHNjBw9DF8="></latexit>

Jz = J0
t

ω



KIBBLE-ZUREK MECHANISM

<latexit sha1_base64="Jo9S2P/RDDZPpd7em8VKq3f7TgE="></latexit>

Ndefect → ω→ω(zω+1)

<latexit sha1_base64="zYWlN1sad7lbFDX5fcQjgb74IH8="></latexit>

ω → (1↑ T/Tc)
→ω

<latexit sha1_base64="2G2LpAS4XKG/nxaZ5Jh1YqtBBjU="></latexit>

ωc → εz



KIBBLE-ZUREK SCALING IN KITAEV MODEL
Sengupta et al. (PRL, 2008)

<latexit sha1_base64="hUjYd+s6QZI9fm+0ZI2r38fTLRw="></latexit>

Ndefect → ω→mω(zω+1)

Where is the topological effect?



SUMMARY

• Fermionic Gaussian simulation methods
• Liouvillian skin effect with OTOC
• Topological effects in the Kibble-Zurek mechanism


