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Q3: Symbolic Quantum Simulation

Q3 is a symbolic quantum simulation framework written in the Wolfram
Language to help study quantum information systems, quantum many-
body systems, and quantum spin systems; hence the name Q3. It provides
various tools and utilities for symbolic and numerical calculations on these
representative quantum systems.

m Q3is free. You can download it from the GitHub repository: https://github.com/quantum-
mob/Q3.
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Quantum Circuits

Select a symbol to refer to a quantum register of qubits.
in[-]:= Let[Qubit, S]

Here is a typical quantum circuit including the CNOT and Hadamard gates as quantum circuit
elements.

in[-]:- gate = QuantumCircuit[
CNOT[S[1], S[2]],
CNOT[S[1], S[31],
S[{i, 2, 3}, 6]
1

Out[e]=

Hi
SP H—
B H—

Evaluate the above quantum circuit in terms of Pauli operators.

mnl[-]:= op = Elaborate[gate];
PauliForm[op]

Out[+]=

I®eI®I 1I®I®Y IeXe®eX IeXeZ 1I®Ye®I I®Y®Y I®Ze®X IeZeZ

42 4\/5+4\/E+4\/5 4\/5+4\/E+4\/5+4\/3

X@I®I 1X®I®Y XXX XeX®Z 1XeY®I X®Y®Y X®ZeX X®ZZ

4\/§+4\/E+4\/5+4\/§+4\/E 4ﬁ+4\/§+4\/§

1YRI®I YRI®Y 1YeX®X 1Y®X®Z Y®Y®I 1YeY®Y 1Y®ZeX 1Y®ZI®Z

42 42 42 42 42 42 42 442

ZRI®I 1Ze®I®Y ZeX®X ZeoX®Z 1ZeY®I ZeYeY Z®Z®X ZI®7I®Z

+ +

442 4\/5+4\/E+4\/5+4\/5 4\/E+4\/5 42

Evaluate the matrix representation of the above quantum circuit.
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in[-1:= Matrix[gate] // MatrixForm

Out[~ ]//MatrixForm=

1 1 1 1 1 1 1 1
2 4/2 2 42 24/2 2 42 2 42 2 4/2 2 42 24/2
1 1 1 1 1 1 1 1

242 2+2 242 242 242 2+2 242 242
1 1 1 1 1 1 1 1

242 242 242 242 22 242 242 22
1 1 1 1 1 1

1 1
242 2 42 242 2 42 2 42 242 2 42 242
1 1 1 1 1 1 1 1
242 2 42 242 2 42 2 42 242 2 42 2 42
1 1 1 1 1 1 1 1
2 4/2 2 42 2 4/2 2 4/2 2 42 24/2 2 42 2 42
1 1 1 1 1 1 1 1
2 42 2 42 2 42 2 42 2 42 2 42 2 42 2 42
1 1 1 1 1 1 1 1

242 2+2 242 242 242 242 242 242

In the above example, the quantum circuit involves only gate operations. More complete quantum
circuit has input state and measurement as follows.

in[-]:= q€ = QuantumCircuit]
Ket[Se{1, 2, 3} » {0, 1, 1}],
gate, "Spacer",
Measurement[S[3, 3]]
]

Out[e]=

9) H
) —D H
) Seals AN

Now, the evaluating the quantum circuit leads to the output state. Note that because of the mea-
surement, the output state changes randomly at every run of the quantum circuit.

in-1:= Elaborate[qc]
Out[+]=

1 1 1 1
_E ‘051052153>+£ ‘051152153>_£ ‘151052153>+£ ‘151152153>

Take the measurement comes running the quantum circuit many times.

in[-].- data = Table[Elaborate[qc]; Readout[S[3, 3]], 20]
Out[+]=

{l! l’ 0’ l’ l’ 0’ O’ l’ l, 0’ l’ 0’ l’ O’ l’ 0’ l’ l’ l, l}
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in[-1:= EchoTiming[data = Table[Elaborate[qc]; Readout[S[3, 3]], 100];]
Histogram[data, FrameLabel » {"outcome", "counts"}]
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Out[+]=
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Figure 1. A training loop consisting of feedforward and backpropagation. Courtesy of O. Dreessen, Analogue Dialogue (March 2023).

= Wolfram Language supports various tools for machine learning. See the Machine Learning guide
in Mathematica.
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Figure 2. Typical workflow of the quantum-classical hybrid method for quantum machine learning.
Courtesy of Cerezo et al., Nature Review Physics (2021).
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Figure 3. Comparison of classical deep neural network and variational quantum circuit. Courtesy of
Y. Kwak et al., arXiv: 2202.11200.

Variational Quantum Classifier: Parity

Usually, Q3 is loaded automatically when Mathematica starts, but it does not harm to load it

manually.
mf-]:= << Q37
Setup

The qubits to be modeled are s[i,$] fori=1, ..., n.
in[-]:-= Let[Qubit, S]

in[-1:= $N = 43
$N = Power[2, $n];
kk = Range[$n];

SS = S[kk, $]
Out[+]=
{S15 S2, S35 S4}
Data

Load and preprocess the data.

Quantum Information Physics II (PHY 682)
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inl-1:= bits = Tuples[{0, 1}, $n];
parity = 2 *x Mod[Count[#, 1] & /@bits, 2] -1;
data = AssociationThread[bits -» parity];
Normal[data] // TableForm

Out[+]//TableForm=

{60, 0,0,0} >-1
{0,0,0,1}>1
{6,0,1,0} -1
{0, 0, 1,1} > -1
{60,1, 0,0} >1
{6,1, 0,1} - -1
{0, 1,1, 0} - -1
{6,1,1,1}->1
{1,060, 0,0} -1
{1,0,0, 1} - -1
{1,0,1,0} > -1
{1,0,1,1}->1
{1,1,0, 0} - -1
{1,1,0,1}->1
{1,1,1,0} -1
{1,1,1, 1} > -1

Embed the input data to quantum states.

Quantum Information Physics II (PHY 682)
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in[-1:= $in = BasisEmbedding[SS] /@ Keys[data];
Matrix /@ $1in;
MatrixForm /@ $in

$in

Out[e]=
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Quantum Circuit Layer

The parameters to be optimized are a[layer, i, j1 fori=1,...,nand j=1, ..., 3.
in[-]:--= Let[Real, a]
Define a quantum circuit layer.
inl-1:= layer[aa_?MatrixQ, ss: {__?QubitQ}] := QuantumCircuit[
Table[EulerRotation[aa[k], ss[kl]l, {k, kk}1,
Apply[Sequence, CNOT @ee Transpose@ {ss, RotateLeft@ess}]
1 /3 Length[aa] = Length[ss]
layer[aa_?MatrixQ] := layer[aa, SS]
layer[n_Integer] := QuantumCircuitee Table[layer[Array[a[k], {$n, 3}1], {k, n}]

For example, the following quantum circuit contains 24 real parameters, with three parameters

Quantum Information Physics II (PHY 682)
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alk, i, 1], alk, i, 2], alk, i, 3] associated with each qubition layer k.

mf-1:= L1 = Llayer[2]

out[« ]=
—Re B Re S,
—Re D Re D
— Re D Re D
—Re s> Re <>

Optimization
Use two layers.
In[+]:= $L = 2;
Pick a quantum circuit layer to apply on the input states.

inl-1:= op = layer[SL]

Out[« ]=
—Re B Re S,
— Re (D Re D
—Re D Re D
— Re P Re P

Check which parameters are actually involved in the above quantum circuit.

in[-1:= param = Cases[op, _a, Infinity]
Length[param]
Out[e]=
{a1,1,1, @1,1,2, @1,1,3 31,2,15 @1,2,25 31,2,3 31,3,1» 31,3,25 31,3,3 a1,4,15 a1,4,2 31,4,3,
az,1,15 32,1,25 A2,1,35 @2,2,15 32,2,25 82,2,35 32,3,1, 82,3,25 32,3,3, 82,4,1 32,4,2, 32,4,3}

Out[e]=
24

in[-1:= mat = NormaleNeMatrix[op];
Dimensions[mat]

Out[e]=

{16, 16}

in[-1:= Z1 = Matrix[S[1, 3], SS];
Dimensions[Z1]

Out[+]=

(16, 16}

Quantum Information Physics II (PHY 682)
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in[-1:= w0 = Flatten@eRandomReal[ {0, 1} Pi, {$L, $Sn, 3}]
Length[wO]
Out[+]=
{2.97744, 1.71982, 1.04206, 0.681147, 3.13834, 0.270793, 2.80735, 1.66632,

1.11766, 0.456491, 1.28482, 1.12747, 2.10388, 1.43562, 2.30304, 1.2068,
0.548426, 0.914974, 2.94455, 2.40454, 2.04586, 2.49155, 0.401025, 1.17637}

Out[+]=

24

The set of parameters.
inl-1:- aa = a[Range@$L, Range@$n, {1, 2, 3}1;

We prepare the natural constraints, but in this example, we will not impose them.
in[-1:- constraints = Thread[0 < aa < Pi];

in[-1:= Clear [optimizer];

optimizer[ww_] := Module[

{ii = RandomChoice[RangeeLengthedata, 4],
yy, vv, avg, sol, cost},

yy = Part[Valuesedata, ii];
vv = Transpose@SparseArray@Part[$in, ii];
vV = Transpose[mat.vv];
avg = Map[Conjugate[#] .Z1.# &, vVv]}
cost = Mean@Abs[avg - yy] A2}
EchoTiming[

{cost, sol} = FindMinimum[{cost, constraints}, Transposee {aa, ww},
StepMonitor :» PrintTemporary["Cost: ", cost],
Method -» "IPOPT"];

13
Returnfaa /. sol]

]

Test the optimizer.

in[-]:- optimizer [wO]

1.53254
Out[+]=
{2.92296, 3.12997, 1.20893, 0.934637, 3.13229, 0.637248, 3.12997, 1.5708,
1.26152, 1.57079, 1.57078, 1.26831, 1.93571, 1.47921, 2.07668, 1.32303,
0.00930808, 1.26962, 2.56323, 1.57078, 1.5708, 2.21392, 0.0116269, 1.15372}

Find the optimal values of the parameters iteratively.

in[-1:= $R = 33 (* the number of iterations x)
ww = Nest[optimizer, wo, $R]

Quantum Information Physics II (PHY 682)
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1.28871
0.997079

1.25245
Out[+]=
{1.57079, 3.12997, 1.57079, 1.56833, 3.12997, 1.57079, 3.12818, 1.5708,
1.57079, 1.5708, 1.5708, 1.57079, 1.5708, 1.57081, 1.5708, 1.5708,
0.0116213, 1.5687, 1.5708, 1.5708, 1.56409, 1.57079, 0.0116214, 1.57079}

From the optimized parameters, make predictions.

mn[-]:= mm =mat /. Thread[aa -» ww] ;
vv = Transpose[mm.Transpose[$in]];
predicted = Map[Sign@Chop[Conjugate[#].Z1.#] &, vV]
out[-]=
{-1,1,1,-1,1,-1,-1,1,1, -1, -1,1, -1, 1,1, -1}

in[-]:- predicted - Values[data]
Out[s]=
{6,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0}

Verdict

m Two layers is sufficient to properly predict the parity values.

m Using the Method->“IPOPT”, FindMinimum is significantly faster than the default method or
any other documented methods (IPOTP seems to refer to the non-linear interior-point method
from the IPOPT library).

m Otherwise, FindMinimum is rather slow to handle 24 parameters.

Variational Quantum Classifier: Iris Dataset

Usually, Q3 is loaded automatically when Mathematica starts, but it does not harm to load it
manually.

inf-]:= << Q3"

Amplitude Embedding: Method

We want to embed classical data into a quantum state on quantum computer. One method is to
use the amplitude embedding method.

in[-1:= Let[Qubit, S]

inl-1:= $n = 23
$N = Power[2, $n];
kk = Range[$n];
SS = S[kk, $]
out[« ]=
{S1, Sa}
Get the data.

Quantum Information Physics II (PHY 682)



QuantumMachinelLearning.Playbook.nb | 11

in[-]1:= aa = Normalize@RandomReal[{0, 1}, $N]
Out[e]=
{0.393255, 0.0491694, 0.789209, 0.469129}

Embed the data into a quantum state.

in[-1:= in = AmplitudeEmbedding[aa, SS]
Out[+]=

0.393255 |05,05,) + 0.0491694 |05, 15,) + 0.789209 |1s,05,) + 0.469129 | 1, 1s, )

Embedding the data into a quantum state as above on actual quantum computer is not trivial. One
implementation based on quantum circuit model may be achieved by the following function.

in[-1:= op = AmplitudeEmbeddingGate[aa, SS]
Out[e]=
AmplitudeEmbeddingGate[{0.393255, 0.0491694, 0.789209, 0.469129}, {S1, S»}]

The above function may be represented by the following quantum circuit.

inl-1:= QuantumCircuit[Expand@op]

Out[+]=

7Ry7

More explicitly, the above quantum circuit is equivalent to the following.

in[-]:-= QuantumCircuit[ExpandAlleop]

Out[e]=
R.V

7Ry,Ry7

The above quantum circuit may be further simplified.

in[-1:= qc = QuantumCircuit[GateFactor /@ Expand@op]
Out[e ]=

7Ry

) )
Ry Ry <D

Verify the above quantum circuit.

in[-]:= new = qc = Ket[SS] // Chop
out[s]=

0.393255 |05,05,) + 0.0491694 |05, 1s,) + 0.789209 |1s,05,) + 0.469129 | 15, 1s, )

in[-1:= Fidelity[new, in]
Out[e ]=

Quantum Information Physics II (PHY 682)
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Data loading and embedding

In[+]:=

Out[e ]=

Out[e]=

Inf[+]:=

Import the iris date and check the first three entries.

raw = Import[PacletObject["QuantumPlaybook"] [""AssetLocation", "Iris"], "Table"];
raw = Map[Most[#] -» Round[Laste#] &, raw] ;
rawf[ ;3 31

{{0.399999999999999911, 0.750000000000000000,
0.199999999999999956, 0.05000000000000000278} - -1,
{0.300000000000000267, 0.5000000000000000000, 0.199999999999999956,
0.05000000000000000278} - -1, {0.200000000000000178,
0.600000000000000089, 0.1500000000000000222, 0.05000000000000000278} - -1}

Renormalize the data.

data =
Thread[Map[Normalize@Join[Take[#, 2], 0.3 {1, 0}] &, Keys@raw] - Values[raw]];
data[1]

{0.44376, 0.83205, 0.33282, 0.} » -1

Here, vector representation is nothing but the input data itself since we just simulate the amplitude
embedding.

$in = Keys[data];

Quantum Information Physics II (PHY 682)
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Features

in[-]:- gg = Map[Take[#, 2] &, GroupBy[raw, Last, Map[First]]l, {2}];
Graphics[{PointSize[0.02], Red, Point /@gg[1], Blue, Point /@egg[-1]},
PlotLabel - "Original",
ImageSize - Medium,
Frame -» True]

Out[e]=

| QT g
1.0 S |
08 -+ 1L |
06 « e b0 . e
04 © T EETe el
R
00 e

0.0 0.2 04 06 0.8 1.0 1.2
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in[-1:- gg = Map[Take[#, 2] &, GroupBy[data, Last, Map[First]], {2}];
Graphics[{PointSize[0.02], Red, Point /@gg[1], Blue, Point /egg[-1]},
PlotLabel - "Renormalized",
ImageSize -» Medium,
Frame -» True]

Out[e]=

‘ R‘enqrmglizgd
[ ()
0.8 * dits .

0.6 "N

® :.: :

| ° o °* :‘ |
04- *ex
i rs
0.2 .
N

0.07\ \ L L L hJ
00 02 04 06 0.8
in[-]:= RR = AmplitudeEmbeddingGate[#, SS] & /@Keys[datal[ ;5 , ;3 -21;

RR = List @e@e Map [GateFactor, Expand /@RR, {2}] /. {CNOT - Nothing};
angles = Map[RotationAngle, RR, {2}1;

Quantum Information Physics II (PHY 682)
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inl-1:= tf = Positive[Values@data] // Flatten;
aa = Pick[angles[ ;3 , 33 21, tfl;
bb = Pick[angles[ ;3 , ;3 2], Not/@etf];

Graphics[{PointSize[0.02], Red, Point /@aa, Blue, Point /ebb},
PlotLabel - "Rotation angles for amplitude embedding",
ImageSize - Medium,

Frame -» True]

Out[e]=

‘Rotgtioq angleg for‘amplitUQe e‘mb(‘eddi‘ng ‘

15 . .. i

[ o‘...:: :.. :
1 .O’..:: .0.' ¢ .. .i
05 Sy, ]
00 . e

Quantum Circuit Layer

Construct the basic quantum circuit layer to use.
mn[-1:= Let[Real, w]

inl-1:= layer [lyr_Integer] := QuantumCircuit[
Table[EulerRotation[w[lyr, k, {1, 2, 3}]1, S[k, $11, {k, $n}1,
CNOT[S[1], S[2]]
1
layer[1l: {__Integer}] := Apply[QuantumCircuit, layer /@11]

Check it by showing two layers.

1= Layer[{1, 2}]

Out[e ]=

—Re Re

7RE

Re

N
N
R
N
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Optimization using three layers

in[-1:= $L = 33
$layer = layer[Rangee$L]
$mat = Normale@Matrix[$layer, SS];

Out[e]=

—Re Re Re

— Re <D{Re <D Re D

inl-1:= ww = w[Range@$L, Range@$n, {1, 2, 3}];
constraints = Thread[0 < ww < Pi]};

in[-1:= w0 = Flatten@RandomReal[ {0, 1} » Pi, {$L, $n, 3}1;
in[-]:= Z1 = Matrix[S[1, 3], SS];
in[-]:= Clear [optimizer]

optimizer[w®_] := Module[
{ii = RandomChoice[RangeeLengthedata, 4],
yy, vv, avg, sol, cost},

vy
vv = Transpose@Part[$in, ii];

Part[Valuesedata, ii];

vV = Transpose[$mat.vv];

avg = Map[Conjugate[#].Z1.# &, vV]}

cost = Mean@Abs[avg - yy] A2}

EchoTiming[

{cost, sol} = FindMinimum[{cost, constraints}, Transposee {ww, w0},

StepMonitor :» PrintTemporary["Cost: ", cost],
Method -» "IPOPT"];

13

Return[ww /. sol]

1

Test the optimizer.
in[-]:- optimizer[wO]

0.654063
Out[+]=

(2.8429, 1.60827, 2.16125, 2.03242, 2.09649, 2.09551, 2.69053, 0.00336912, 2.88112,
2.52719, 1.90748, 0.327043, 1.18974, 1.61878, 2.52621, 1.32437, 1.4352, 2.58756}

Find the optimal values of the parameters iteratively.

in[-1:- SR =53 (» the number of iterations x)
new = Nest[optimizer, wo, $R]

Quantum Information Physics II (PHY 682)
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In[+]:=

In[+]:=

Out[+]=

In[e]:=
Out[e ]=

0.952526
1.9356

0.545481
0.691872

0.809051
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{3.07765, 1.49956, 1.8516, 1.55063, 1.35282, 0.265915, 3.12278, 1.29472, 3.08055,
1.77529, 2.38729, 0.419731, 1.45549, 1.53254, 3.12278, 1.50135, 1.52264, 1.82473)}

From the optimized parameters, make predictions.
mm = $mat /. Thread [ww - new] ;

vv = Transpose[mm.Transpose[$in]];
predicted = Map[Sign@Chop[Conjugate[#].Z1.#] &, VV]

{-1,-1,-1,-1,-1,-1,-1,-1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1,

_l’ _17

-1,
-1, -1, -

-1,-1,-1,-1,-1,-1,-1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, 1,

l, _1) _1’ _l’ _la _la ls l’ 15 17 1, l’ la 1’ l, la ls l’ 15 17 1, l’ la 1’ l,

i,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 1, 1}

predicted - Values[data]

Distance-Based Quantum Classifier: Iris Dataset

In[e]:=

M. Schuld, M. Fingerhuth, and F. Petruccione, EPL 119, 60002 (2017).

We are given a training data set
D={x' >y, x>y ., x>y
of inputs x¥ e R (N = 2") with their respective target labels y* {0, 1}.

We want to determine the label of a new input x using the threshold function

M
Yeval(X) = Sign(mz:l {1 - ﬁ,, [ X—x™| 2} ym).

Let[Qubit, S]

Here, only two features of two samples are considered for the purpose of demonstration. This data

is after standardization and normalization.

Quantum Information Physics II (PHY 682)
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in[-1:= training = Association|[
{0, 1} - 0, (*Iris sample 33x)
{0.789, 0.615} > 1 (*Iris sample 85x%)
15
test = Association]
{-0.549, 0.836} » 0, (*xIris sample 28x)
{0.053, 0.999} - 0 (xIris sample 36%)
13
To use a quantum algorithm, each data point x is encoded to n qubits as amplitude (amplitude
embedding),

in[-]:= trainingEmbed = Expand /@ (AmplitudeEmbeddingGate[#, {S[3]}] &) /@Keys[training]
testEmbed = Expand /@ (AmplitudeEmbeddingGate[#, {S[3]}] &) /@Keys[test]

Out[e ]=

U =R —R—

Out[e]=

[ AR HR.— » —R— |

To use the threshold function discussed above, we prepare a quantum state involving ancillary
qubit, index register, data register, and class register (from the top to bottom).

in[-]1:= state = QuantumCircuit[
Ket[Se{1, 2, 3, 4}], S[{1, 2}, 6],
ControlledGate[S[1] » 0, testEmbed[1], "Label" -» "U;, "1,
ControlledGate[Se{1, 2} » {1, O}, trainingEmbed[1], "Label" -» "U;"],
ControlledGate[Se {1, 2} » {1, 1}, trainingEmbed[2], "Label" -» "U,"],
CNOT[S[2], S[4]]

Out[e]=

e

—Un U U

N
N

The resulting quantum state is given by

[9)= 25 LI me([o)e|ws)+ [1)e|vr)e )

Now, it is time to infer the label of the input x.
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in[-1:= qc = QuantumCircuit[state, "Separator",
S[1, 6], Projector[Ket[S[1] -» @]],
Measurement[S[4, 3]],
Ket[S[1] » 0]
]

Out[e]=

|0)— H [ I H <o)
0)— H i

|0) UnH Us H Uz ‘

o) T

Running the above quantum circuit, one gets one instance of output state.

in[-1:- Elaborate[qc] // KetChop
Out[+]=

(0. +0.388144 i) |0s,05,05,0s,) + (0.707107 - 0.591054 i) |0s,0s,15,0s, )

Run the above quantum circuit many times to get the probability distribution of the measurement
outcome.

in[-1:= EchoTiming[data = Table[Elaborate[qc]; Readout[S[4, 3]], 10]]

0.497241

Out[e ]=
{(1,1,1,0,0,0,0, 1,1, 0}

in[-1:= EchoTiming[data = Table[Elaborate[qc]; Readout[S[4, 3]], 100];]
Counts[data]

4.8547
Out[e]=
<|@ 55,1545

One determines the more frequent outcome as the label of the input x.
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