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Principal Components

QAOA A2 _.
A type of VQA that focuses on finding good approximate solutions to combinatorial
optimization problems.

QAOA &+
Most widely for finding the maximum cut of a grdph (Called the Max-cut problem)



0. QAOA

Quantum Approximate Optimization Algorithm (QAOA)
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1. (Classical) Initialize 2p parameters: = BB |3p andy =YY, ... Y,

' 2. (Quantum) Initial state |v') = v},‘,ﬂ ,2_1 |7) .
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' 4. (Quantum) Measure the state and calculate the expectation value <y | H,lyB>
5. (Classical) Optimize 8 and y such that the expectation value is maximized.

6. Repeat steps 2-5 with the new set of parameters 8 and .



0. QAOA

Promises and limitations of QAOA
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' Promises .| Limitations
1. The expectation value is a 1. Recent results show that for p < O(log n),
non-decreasing function of the depth p. | QAOA cannot outperform the best
i 2. Atp-> QAOA produces the optimal | known classical algorithm for Max-cut.
: solution. 2. Experiments from Google show that the
3. Forp =1, QAOA provides an performance of QAOA decreases beyond
' approximation ratio of 0.692 for 3 - ' p= 3 _____________________________________________
: regular graphs. :
' 4. The probability distribution generated by l Noise is the culprit
: QAOA at p = 1 cannot be efficiently :
sampled in a classical computer unless P Solutions """"""""""""""" . S ;
. =NP. |
| 5. QAOArequires only 2 parametersper | | 1. Make better (less noisy) devices.
' layer - lower complexity for classical 2. Incorporate error mitigation techniques.

optimizer. . | 3. Tweak the ansatz to reduce noise.

-----------------------------------------------------------



0. MAX-CUT

MAX-CUT
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Max-cut problem

Image: wikipedia/maximum_cut

Problem statement: Given a graph G = (V,E) partition V into
two disjoint sets such that the number of edges crossing from
one set to another is maximized.

This is an NP-Hard problem.

This is an APX-Hard problem. There exists no
Polynomial Time Approximation Scheme (PTAS) that can
find a cut which is arbitrarily close to the best solution.
Best known classical algorithm is the Goeman
Williamson algorithm that has an approximation ratio of
0.878.

It is not possible to approximate better than 0.941
unless P = NP.

If the Unique Game Conjecture is true, then it is not
possible to find an approximation ratio better than
0.878.
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=> Primarily on reducing the number of CNOT gates in the design of QAOA ansatz for Max-cut
First, we present a method based on Edge Coloring of the input graph that minimizes the the
number of cycles (termed as depth of the circuit), and reduces upto n/2 CNOT gates.

Next, we depict another method based on Depth First Search (DFS) on the input graph that
reduces n — 1 CNOT gates, but increases depth of the circuit moderately.

+ CNOT gates are 100 times more prone to error compared to the other gates in
the ansatz.



03 EDGE COLORING BASED ANSATZ OPTIMIZATION

=> minimize the depth of the circuit
=> reduction in CNOT gates in the depth optimized circuit

objective function of a depth-p QAOA for Max-cut 7=\
(—imHp) =11 ('(—@I_ZJ“"

L i s \ 'f_..rp —!":-{ !—’ — l. i:f._"f.'..f_‘f.' —l":-f r
max (t/(. d)@ (7. 5)) )€ 2 |

(vy.5)

=> the minimun depth of the circuit

can potentially contribute a lot will correspond to the minimum value
to depth since the edge @
operators do not act on disjoint

vertice

=> ;‘hion the set of edges E as a digoint union UiEi
where each subset Ei consists of a vertex digoint

collection of edges
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Algorithm 1 Edge Coloring based Ansatz Op- => 0| 0| X| Z2{& &
timization ansatz0| CHsl &< = U= 24 FHO|E MSSL EL
Input: A graph G = (V. E).
Output: L:]irgest set Syar Of edges having the _g Z|CH 9 + 1 MAS AI2SH CFSHAL A|ZH MMARRILICE 07|AM 9 &= 2z o]
same color. =
CH Xt=<lL|C}.
1: Use the Misra and Gries algorithm to color H xb=2 LTk
the edges of the graph G.
2: S; + set of edges having the same color 1.
1 <i<y.

3: Sar +— max{S;,Sa,....! Sv }- _ I
£ Return S.. => On an average, 'A 11 7| edges have the same color.

The dominant color can be used at most on n/2 edges,
where n= |V|.
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Edge Coloring based Ansatz Optimization
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T WHAT IS EDGE COLORING?

=> JajZo| GO UX| LAY G UKo MAS Eetsl AESt OIXI7E A HiYE
= 5te %

=> e O] 7I&X|2| & MESI=0| A2 = U =4 M=
A K| EE= 7?’“IFE| A 2~
+ W*_I x?II*E“ 2, E49| FIIME=3<=A + 1 ZFL} degree: A(G) + 1

AGY LX(6)

-colo 'f:a,lf:»'ﬁ ’
AlCs) = N CO f X (.__C5> =5 A4
| 3'_ E'olae - [’11_01'"10.{ 1'{_

) £ V(CJEE

MinimuM Coloring

2 ~ Colof no
=> 0ok k AHQ| T2 GE AHESH |0 S=2etCtM, J2jX = k A0|2t 0 L C}.
ook k=x'(G)0|™ G= k-edge-chromatic.

=>\/izing's Theorem: Every no empty graph G, A(G) <= X'(G) <= A(G)+1



04 DEPTH FIRST SEARCH(DFS)

=> DFS based optimization procedure which can optimize"

Algorithm 2 DFS based Ansatz Optimization

Input: A graph G = (V. E). A reduction in the number of CNOT gates by n-1.
Output: A list Egs of n — 1 edges.
1: Edqrs = {}

2: u + randomly selected vertex from V.

3: Start DFS from the vertex u. For every DFS E2|2] B= QK| e = (uv)0ll CHEH HA w7t HEE
rertex v discovered f its predecessor v’ — = =
vertex v discovered from its predecessor v/, 0| £ 1 vi= sHS SIX|0fl sHEHSH= CNOT 7'||0|E—-| CHAH

Edfs = Edfs U (1"!‘.‘ v). R=
1: Return Eg,. =




04 DEPTH FIRST SEARCH(DFS)

=> Z|H5HE X = DFS WA0| &K

=> DFSE 3|29| 2012 S7IZ £ US.

==> CNOT Z|O|E0|A £|XQ| ZAE 712 = DFSe| CHEE 3|=22| Z0|E &7t AlA

Depth First Search based Ansatz Optimization
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+ WHAT IS DFS?

=> Z17|| EtMiGI= 7]
=> Al85ts 42 BE L CE YRSt 5He Z20 0] Wy Me DFS

=> EMH A|XH LLEE AEHQ| HH2 X 2| - AEHO| E|AICH L E0f| HH2 X
owar L C 7} StLI2tE 0'0}'31 O L EE ABHM E0 UHE X2
QYU ESHA| 2 QU E USA| ABOA E AT = T - 4O|& 28 AF-S fl¢
Ca= WX B

==> 7|2 He|l= Z = U= WS Z it 20|7t1, Eold 20| g™ 0|F HE2=
=0iZtc= A
<DFS &A1 np™>
(1) 331 Et-- () 3y 2uL (3) A 3w
AMEFEE I.:’"E\ f‘u_‘
‘ @ s—a @ i 35—

(5) 33 322 backtracking
(4) 334Y: (CHAl SOt2tA SIS OF2 HHO0| US| &) (6) 23 22 backtracking

r{"
|u-\-‘\' =
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Lowering the probability of error

(&) Erdos-Renyl Graph (p

Erdos-Kenyi Graph (p

0.4)

0.8)

1. DFS
2. Edge coloring
3. Traditional QAOA

(b) Erdos-Renyl Graph (p

o

L

0.6)

<3 13>
1.CNOT 7li=~, 2|2 20| 7%= H|
2. Hellinger_fidelityZ 3| £ H|2% Z1}

distributions.

The fidelity is defined as 1-H where H is the Hellinger
distance. This value is bounded in the range [0, 1].

Erdos-Renyi Graph p=0.8!r
Complete Graphg! o}
=> eI 9| & E A7t & LIZ=X]

=> returns. Fidlity

§ . . # CNOT gates in Max-Cut QAOA ansatz circuit
Graph Family # qubits — -
Traditional | Edge coloring DFS
10 90 85 81
20 380 370 361
Complete graph 30 870 839 841
40 1560 1540 1521
50 2450 2425 2401
60 3540 3510 3481
10 70 66 "61
20 302 292 283
Erdos-Renyi (pedge = 0.8) 30 698 683 669
40 1216 1197 1177
50 1956 1931 1907
60 2822 2792 2763
10 a0 46 41
20 234 225 215
Erdos-Renyi (p,4,. = 0.6) 30 204 191 475
40 960 940 921
50 1504 1479 1455
60 2114 2085 2055
10 36 31 27
20 164 154 145
Erdos-Renyi (pogge = 0.4) |30 362 348 333
40 586 566 547
50 950 925 901
60 1468 1440 1409

= Hl — <Hellinger_fidelity>
= A Computes the Hellinger fidelity between two counts

[

Edge coloring: n/2 ¢t
DFS: n-1 213 &4

<Qubit 7| =02 #b>

A

b1

E

d
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Pennylane, QAOA for max-cut

https://youtu.be/3MWbGkiMu-w?feature=shared
https://www.techiedelight.com/ko/greedy-coloring—graph/
https://excelsior-gh.tistory.com/197
https://www.gmunity.tech/tutorials/quantum-approximate-optimization—-algorithm-maxcut
https://gmlwjd9405.github.io/2018/08/14/algorithm-dfs.html
https://currygamedev.tistory.com/10

https://www.youtube.com/watch?v=X2B_J1ajslY
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