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After Onnes successfully liquefied helium in 1908, the behavior of a sudden drop in resistivity of Hg below 

4.2K was discovered in 1911
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In 1957, the BCS theory proposed by Bardeen, Cooper, and Schrieffer successfully explained a series of 

physical phenomena that accompany the superconducting transition

+ + + + + +

+ + + + + +

+ + + + + +

+ + + + + +

− −

Electron-electron attraction induced by 

the electron-phonon interaction

† †

, '

ˆ ˆ ˆ ˆ ˆ
k k k k

k k

H V c c c c
  − − 

 = − 

ˆ ˆ
k k

k

V c c
−  

  = pairing potential

BCS Hamiltonian



k

BCS ground state wavefunction

( )† †

0

ˆ ˆ| BCS | 0i

k k k k
k

u v e c c

 − 


 = + 

order parameter| | ie  = 

4

( )( ) ( )† † † †ˆ ˆ ˆ ˆ ˆ ˆ ˆ h.c.k k k k k k k
k

H c c c c c c 
  −  −   − 

= − + −  +

( )
2 2| |k k  = − + 

k −

I. Introduction: Superconductivity and the Josephson effect

well-defined gap for s-wave 

superconductor

subgap region



- For his theoretical predictions of the properties of a supercurrent through a 

tunnel barrier, in particular those phenomena which are generally known as 

the Josephson effects
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metal
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The Josephson effect was theoretically predicted by Brian D. Josephson from 

the University of Cambridge in 1962. Due to this discovery, he was awarded 

the Nobel Prize in Physics in 1973, along with Esaki of IBM and Giaever of 

the general electric company
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The current-phase relationship of Josephson current can be explained using the Cooper pair tunneling 

model
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Physically, the current in the SNS Josephson junction can be regarded as being induced by Cooper pairs 

mediated by Andreev bound states
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Subgap mode: In superconducting systems, a quasiparticle state with energy lower than the 

superconducting gap    , whose energy is related to the superconducting phase difference
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Applications of the Josephson junctions: Sensing of weak signals

Byers and Yang 1961

Equilibrium states reached at the maxima

B. Deaver

Pairing of electrons forming Cooper pair

The flux quantization in hollow superconductor and the Josephson tunneling are the physical principals 

of the Superconducting Quantum Interference Device (SQUID) 

Deaver and Fairbank 1961

Doll et.al. 1961
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Phase differences across two Josephson junctions

M. Tinkham, Introduction to Superconductivity
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Utilizing the flux quantization and Josephson tunneling, quantum interference in SQUID provides 

sensitivity detection of weak signals  

9

screw

Zimerman and Silver 1961

Ketchen et.al. 1981
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Films

Jaklevic et.al., Phys. Rev. Lett. 7, 159 (1964) 

Point contact junction

Zimmerman and Silver, Phys. Rev. 141, 367 (1966)

Superconducting low-inductance undulatory galvanometer 

Clarke, Phil. Mag. 13, 115 (1966)

Cylindrical dc SQUID

Clarke et.al., J. Low Temp. Phys. 27, 301 (1976)

Planar SQUID

Voss et.al., J. Appl. Phys. 51, 2306 (1980); Ketchen et.al., IEEE Trans. Magn. MAG-17, 400 (1981)

High Tc SQUID Koch et.al., Appl. Phys. Lett. 51, 200 (1987)

Various SQUID devices had been invented since the observation of quantum interference, with improving 

device robustness, tunable features, and integration
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Maze et al. 2008



Applications of the Josephson junctions: Constructing qubits

Constructing qubits using Josephson structures (physical systems with two mutually orthogonal quantum 

states)
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Superconducting charge qubit: competition between the charging energy and Josephson tunneling leads to 

energy splitting thus defines a qubit  

You et al. 2005
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High speed operation

Easy control and readout

Flexible device design

Sensitive to charge noise

Short coherence time



Koch et.al. 2007

Blais et.al. 2021

Superconducting transmon qubit: By connecting a large capacitor in parallel across the DC-SQUID 

junction, the qubit energy levels remain unchanged with gate voltage, reducing decoherence effects caused 

by charge noise at the cost of sacrificing anharmonicity

I. Introduction: Applications of the Josephson junctions

Insensitive to charge noise

Longer coherence time

Weak anharmonicity

Minimizing the qubit size

/ 50J CE E 
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II. Two-dimensional magnetic Josephson junctions: Interplay of superconductivity and magnetic orders

Interplay of superconductivity and magnetic orders

superconductivity ferromagnet
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The interaction between superconducting order and ferromagnetic order can give rise to a wealth of 

physical phenomena
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equal superconducting phase

opposite superconducting phase

Depending on the ferromagnet thickness (or spin-splitting), the ground state of the S/F/S junction has 

energy minimal either at              or  

0 - junction

- junctionπ

Eschrig 2011

II. Two-dimensional magnetic Josephson junctions: Interplay of superconductivity and magnetic orders
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II. Two-dimensional magnetic Josephson junctions: Interplay of superconductivity and magnetic orders

From the perspective of subgap mode, the 0 - transition accompanied with a change of the highest 

occupied state with its energy minimal changing from             to 



Costa et.al. 2018
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Superconducting spintronics

The new physical phenomena combing spintronics and superconductivity lead to novel applications in 

quantum information processing 

Cai et.al. 2023

Enhancing spin lifetime

Large magnetoresistance

Giant thermoelectric effects

Control Tc through spin-injection

Linder et.al. 2015

II. Two-dimensional magnetic Josephson junctions: Superconducting spintronics 18



10 m

Gingrich et.al. 2016

II. Two-dimensional magnetic Josephson junctions: Superconducting spintronics

Control 0 - Josephson junction by ferromagnetic spin valve

S/F1/N/F2/S junction: 0 - transition induced by 

magnetization of ferromagnetic layers



19



Constructing superconducting qubit with ferromagnetic      Josephson junction

Feofanov et.al. 2010

junction as effective flux through the SQUID

Zero magnetic field leads to longer coherence time

Larger-scale integration by reducing qubit size

II. Two-dimensional magnetic Josephson junctions: Superconducting spintronics 20



II. Two-dimensional magnetic Josephson junctions: Beyond one-dimensional junctions

Beyond one-dimensional junctions

The short Josephson junction (1D junction) 

Guarcello et.al. 2024

Golod et.al. 2022

The long Josephson junctions (LJJ) refers to junctions where the size of the barrier exceed given 

characteristic length in some directions (2D junction)

Tinkham 1996
Costa et.al. 20181D transport channel

21



Topological 

superconductor
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velocity, w hereas the latter are right handed. 
So, logically, ν and ν̄ and m ight be the sam e 
particle, having di erent behaviours w hen it 
is in di erent states of m otion.

If you could bring neutrinos and 
antineutrinos to rest, and do experim ents 
w ith them , you could test w hether they 
behave the sam e w ay. at is im practical, 
unfortunately: theoretically, the cosm os is 
aw ash w ith slow  neutrinos, but they are too 
hard to detect. A lthough such a direct test 
of M ajorana’s hypothesis seem s out of reach 
for now, several am bitious experim ents are 
underw ay to test one of its im plications, 
nam ely, that even the last bastion of 
lepton-num ber conservation, Le + Lμ + Lτ, 
can be toppled. Searches for neutrino-less 
double β decay, such as G e76 → Se76 + 2e, 
are launching a prom ising fusillade6. In 
this decay, total lepton num ber changes by 
tw o, so its occurrence w ould disprove the 
conservation law  de nitively.

M eanw hile, the leading ideas on 
neutrino m asses, rooted in uni ed eld 
theories, predict that neutrinos are 
M ajorana ferm ions7,8. e detailed logic is 
com plex, but the basic idea is sim ple: w e 
get m ore econom ical, and m uch prettier, 

equations if w e don’t add antineutrinos as 
separate entities to our fundam ental theory. 
For if neutrinos in the right-handed state 
of m otion are not antineutrinos, they m ust 
be som ething else; and that som ething 
else m ust (as it’s escaped detection so far) 
interact w ith the kinds of m atter w e know  
very feebly indeed. It is hard to t such 
oddball entities w ithin the m ost attractive 
uni ed theories, w hich require sym m etry 
am ong their building blocks.

O f supersym m etry and dark m atter
N eutrinos w ere M ajorana’s ow n candidates 
for M ajorana ferm ions, and although 
they look m ore prom ising than ever in 
that regard, no longer are they unique. 
O ther problem s at the frontier of 
fundam ental physics seem  to call for m ore 
M ajorana ferm ions.

Supersym m etry is a leading proposal 
to im prove the sym m etry and coherence 
of the equations of physics9. It involves 
the expansion of spacetim e into a new, 
quantum  dim ension. Particles that m ove 
in that direction change their m ass and 
spin. If supersym m etry is valid, then every 
know n bosonic (integer spin) particle w ill 

have a heavier ferm ionic (half-integer spin) 
partner; and vice versa for each know n 
ferm ion. ere is suggestive, although 
circum stantial, evidence for the existence 
of these ‘superpartners’. Speci cally, if the 
superpartners exist and are not too heavy, 
then in their evanescent form , as virtual 
particles, they are com puted to m odify 
(partially screen) the basic units of strong, 
w eak and electrom agnetic charge so as 
to quantitatively account for the di erent 
observed charge values — in a uni ed eld 
theory w here, fundam entally, those values 
are equal10. In brief, supersym m etry allow s 
the uni cation of the fundam ental forces.

If supersym m etry is valid, then the 
photon has as its superpartner a spin-½  
particle, the photino. A s the photino m irrors 
the properties of the photon, it m ust be 
its ow n antiparticle. us the photino is a 
M ajorana ferm ion. So, for sim ilar reasons, 
are various other superpartners (such as 
neutral gauginos, as w ell as H iggsinos). In 
a w ord, supersym m etry com es chock-a-
block w ith M ajorana ferm ions. If, as w idely 
anticipated, superpartners are produced — 
as real, not just virtual, particles — at the 
Large H adron C ollider, w e m ight quickly 

Box 1 | The rom ance of Ettore M ajorana

“ ere are m any categories of scientists: 
people of second and third rank, w ho do 
their best, but do not go very far; there 
are also people of rst-class rank, w ho 
m ake great discoveries, fundam ental to 
the developm ent of science. But then there 
are the geniuses, like G alileo and N ew ton. 
W ell Ettore M ajorana w as one of them .” 
Enrico Ferm i, not know n for ightiness 
or overstatem ent, is the source of these 
m uch-quoted lines.

e bare facts of M ajorana’s life are 
brie y told. Born in C atania, Italy, on 
5 August 1906, into an accom plished fam ily, 
he rose rapidly through the academ ic ranks, 
becam e a friend and scienti c collaborator 
of Ferm i, W erner H eisenberg and other 
lum inaries, and produced a stream  of 
high-quality papers. en, beginning in 
1933, things started to go terribly w rong. 
H e com plained of gastritis, becam e 
reclusive, w ith no o cial position, and 
published nothing for several years. In 
1937, he allow ed Ferm i to w rite-up and 
subm it, under his (M ajorana’s) nam e, his 
last and m ost profound paper — the point 
of departure of this article — containing 
results he had derived som e years before. 
At Ferm i’s urging, M ajorana applied 
for professorships and w as aw arded the 
C hair in eoretical Physics at N aples, 

w hich he took up in January 1938. Tw o 
m onths later, he em barked on a m ysterious 
trip to Palerm o, arrived, then boarded a ship 
straight back to N aples and disappeared 
w ithout a trace.

M ajorana published only nine papers 
in his lifetim e, none very lengthy. ey 
are collected, w ith com m entaries, all in 
both Italian and English versions, in a slim  
volum e30. Each is a substantial contribution 
to quantum  physics. A t least tw o are 

m asterpieces: the last, as m entioned, and 
another on the quantum  theory of spins in 
m agnetic elds, w hich anticipates the later 
brilliant developm ent of m olecular-beam  
and m agnetic resonance techniques.

In recent years, a sm all industry 
has developed, bringing M ajorana’s 
unpublished notebooks into print (see 
for exam ple ref. 31). ey are im pressive 
docum ents, full of original calculations 
and expositions covering a w ide range 
of physical problem s. ey leave an 
overw helm ing im pression of gathering 
strength; physics m ight have advanced 
m ore rapidly on several fronts had 
M ajorana pulled this m aterial together and 
shared it w ith the w orld.

H ow  did he vanish? ere are tw o 
leading theories. A ccording to one, he 
retired to a m onastery, to escape a spiritual 
crisis and accept the em brace of his deep 
C atholic faith (not unlike another tortured 
scienti c genius, Blaise Pascal). A ccording 
to another, he jum ped overboard, an act of 
suicide recalling the alienated superm ind 
of ction, O dd John32. Ferm i’s appreciation 
had a w istful conclusion, w hich is less w ell 
know n: “M ajorana had greater gi s than 
anyone else in the w orld. U nfortunately 
he lacked one quality w hich other m en 
generally have: plain com m on sense.”
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Example of interface beyond 1D: Majorana bound states

II. Two-dimensional magnetic Josephson junctions: Beyond one-dimensional junctions
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Junction area: 

Typical magnetic field:

23

Giavaras et.al. 2025

II. Two-dimensional magnetic Josephson junctions: Beyond one-dimensional junctions

Zhou et.al. 2022; 2024

In recent years, the research on planar Josephson junctions has been gaining increasing attention

Fornieri et.al. 2018



We aim to investigate whether the introduction of transverse subgap modes can lead to new physical 

effects in the competition between superconducting and ferromagnetic orders

II. Two-dimensional magnetic Josephson junctions: Beyond one-dimensional junctions

Tinkham 1996

superconductor ferromagnet

ˆ ˆ
i jS S

YSR bound state helical phase

Topological superconductor

Dimitrova et.al. 2007

Ding et.al. 2021

Baek et.al. 2005

Baumgartner et.al. 2021

1D channel
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he rose rapidly through the academ ic ranks, 
becam e a friend and scienti c collaborator 
of Ferm i, W erner H eisenberg and other 
lum inaries, and produced a stream  of 
high-quality papers. en, beginning in 
1933, things started to go terribly w rong. 
H e com plained of gastritis, becam e 
reclusive, w ith no o cial position, and 
published nothing for several years. In 
1937, he allow ed Ferm i to w rite-up and 
subm it, under his (M ajorana’s) nam e, his 
last and m ost profound paper — the point 
of departure of this article — containing 
results he had derived som e years before. 
At Ferm i’s urging, M ajorana applied 
for professorships and w as aw arded the 
C hair in eoretical Physics at N aples, 

w hich he took up in January 1938. Tw o 
m onths later, he em barked on a m ysterious 
trip to Palerm o, arrived, then boarded a ship 
straight back to N aples and disappeared 
w ithout a trace.

M ajorana published only nine papers 
in his lifetim e, none very lengthy. ey 
are collected, w ith com m entaries, all in 
both Italian and English versions, in a slim  
volum e30. Each is a substantial contribution 
to quantum  physics. A t least tw o are 

m asterpieces: the last, as m entioned, and 
another on the quantum  theory of spins in 
m agnetic elds, w hich anticipates the later 
brilliant developm ent of m olecular-beam  
and m agnetic resonance techniques.

In recent years, a sm all industry 
has developed, bringing M ajorana’s 
unpublished notebooks into print (see 
for exam ple ref. 31). ey are im pressive 
docum ents, full of original calculations 
and expositions covering a w ide range 
of physical problem s. ey leave an 
overw helm ing im pression of gathering 
strength; physics m ight have advanced 
m ore rapidly on several fronts had 
M ajorana pulled this m aterial together and 
shared it w ith the w orld.

H ow  did he vanish? ere are tw o 
leading theories. A ccording to one, he 
retired to a m onastery, to escape a spiritual 
crisis and accept the em brace of his deep 
C atholic faith (not unlike another tortured 
scienti c genius, Blaise Pascal). A ccording 
to another, he jum ped overboard, an act of 
suicide recalling the alienated superm ind 
of ction, O dd John32. Ferm i’s appreciation 
had a w istful conclusion, w hich is less w ell 
know n: “M ajorana had greater gi s than 
anyone else in the w orld. U nfortunately 
he lacked one quality w hich other m en 
generally have: plain com m on sense.”
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The model

III. Transverse subgap modes: The model

We investigate a superconductor/ferromagnet/superconductor junction with large lateral size

sc L L, ,  sc R R, , 

sc L L, ,  sc R R, , 

JL  JL 

Josephson penetration depth

Guarcello et.al. 2024; Fossheim 2021
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2
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cJ W





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1D junction

2D junction

0B =

(typical on the order of 0.1mm)

x

y
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y
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III. Transverse subgap modes: The model

†
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Subgap modes in 1D junction:

Solve the BdG equation together with the matching conditions

BdG
0

lim ( ) ( ) 0
x

xx
dx x x



 + −→
 =

1D junctionModel Hamiltonian
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28III. Transverse subgap modes: The model

Spin-degeneracy was lifted and in general, two subgap modes are observable

Superconducting phase difference

,e 

,e 



Subgap modes in 2D junction:

III. Transverse subgap modes: The model
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Extending to the 2D junction case, with periodic boundary long the lateral (y) direction

Translational invariance long y

ctct

fmt

fmt

sct
sct
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Weak tunneling regime c sct  
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III. Transverse subgap modes: Flat-dispersion

Flat-dispersion

Energy spectrum as a function of       at fixed      shown the competition between the proximity effect and 

the spin splitting    



† †
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The proximity induced splitting gap agrees well to the effective Hamiltonian obtained by integrating out the 

degree of freedom of the superconductors

III. Transverse subgap modes: Flat-dispersion
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: the tunneling coupling between superconductor and ferromagnetic barrier
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Strong tunneling regime
c sct  Particular               ratio enables the realization of 

nearly flat subgap modes  

Stronger proximity induced gap leads to nearly flat-dispersion of the subgap mode 

III. Transverse subgap modes: Flat-dispersion 33
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spin
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The flat-dispersion of subgap modes modifies the wave function of quasi-particles confined between 

domain walls

Flat-dispersion Large effective mass

34
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Domain walls and applications

III. Transverse subgap modes: Domain walls and applications
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Distribution of quasi-particle along the junction

The influence of the flat-dispersion revealed in the real-space distribution of the quasi-particle
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Change the relative spin-splitting of neighboring domain walls enable switching of the quasi-particle  

M,1

M,2

x

y
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The translational invariance along the lateral direction allows one to decompose the Josephson current into     

dependent contributions

The Josephson current

IV.      - transitions in two-dimensional junctions: The Josephson current 0 π 38
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The current – phase relation is strongly modified by the transverse motion of the quasi – particles 
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IV.      - transitions in two-dimensional junctions: The Josephson current 0 π 40

The      dependent Josephson current density reveals additional features of the     - transition 

Coexistence of the 0 - junction

and the     - junction behavior

Costa et.al. 2023



IV.      - transitions in two-dimensional junctions: Implications in experiments0 π 41

x

y

Implications in experiments

Verification of the       dependent     - transition would request angular resolved Josephson current 

detection in 2D junctions

yk 0 

( )
ykI 

Takayanagi 1996

split gate electrode as a 

transverse momentum filter
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➢ Flat-dispersion ➢ Wave function 
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Subgap modes in S/F/S junction with non-negligible lateral quasi-particle motion had been investigated 
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Thanks for your attentions!



Clarke and Braginski 2004

Appendix: Typical parameters of the low Tc - superconductors
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Appendix: Effects of magnetic fields
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