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Aharonov-Bohm Effect
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Photographs are taken from “Wikimedia”



Magnetostatic Aharonov-Bohm Effect
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Superposition of wave function at the screen : 
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“phase shift”
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“Static” vector potential
: magnetic flux in the solenoid.

Superposition of wave function at the screen :

Relative phase : 

Magnetostatic Aharonov-Bohm Effect
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An experiment : A. Tonomura et al., PRL 56, 24 (1986).  

A photograph is taken from “www.dongascience.com”. 

Magnetostatic Aharonov-Bohm Effect



Electrostatic Aharonov-Bohm Effect
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Source 

Region1         𝑉1

Region2         𝑉2

Screen 

Electrostatic scalar potential

Relative phase : 

Metallic cylinder

Superposition of the wave function with the scalar potential :

.

.

“phase shift”

Superposition of the wave function without the scalar potential :



Aharonov-Bohm Effect
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Static potentials affect an electron (or charged

particle) in electromagnetic-field-free region

Observable intriguing quantum phenomena
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Cavity/Circuit  Quantum  Electrodynamics (QED)

Study of the interaction between light and matter!

Cavity QED Circuit QED

“artificial” atom (qubit)

superconductor

electromagnetic field region

“Real” atom (qubit)

mirror

Figures are taken from You & Nori, Nature2011.

Charge qubit Flux qubit Phase qubit
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Superconducting charge qubit

𝐶𝑔

𝐸𝐽 𝐸𝐽
island

reservoir

Φ𝑉𝑔

Makhlin-Rev.Mod.Phys. 2001.

𝜔𝑎 = 𝐸𝑐 1 − 2𝑛𝑔
2
+ 𝐸𝐽
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𝐻𝑞 =

ℏ𝜔𝑎
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𝑔 = cos
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𝑒 = − sin
𝛾
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Cooper pair box (an artificial atom)

Qubit 

𝐸𝐶 ∶ single Cooper pair charging energy

Φ : magnetic flux (control Josephson energy)

𝛾 = arctan
𝐸𝐽

𝐸𝑐 1 − 2𝑛𝑔

Eigenvector of the qubit

Transition frequency of the qubit

Josephson junction

𝑛𝑔 ∶ gate charge number

𝐻𝐴 =  

𝑛=0

𝐸𝑐   𝑛 − 𝑛𝑔
2

𝑛 𝑛 −
𝐸𝐽
2

𝑛 + 1 𝑛 + 𝑛 𝑛 + 1
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Cavity/Circuit  Quantum  Electrodynamics (QED)

Cavity QED Circuit QED

“artificial” atom (qubit)

superconductor

Total Hamiltonian :

Interaction Hamiltonian :

“Local” interaction !! : electric field in the cavity.

: electric dipole moment of the atom.

electromagnetic field region

“Real” atom (qubit)

mirror

Study of the interaction between light and matter!
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Total Hamiltonian :

Jaynes-Cummings Hamiltonian :

atom cavity
interaction

R
W

A

,        

,        rotating

counter-rotating

Eigenvalue

Jaynes-Cummings model

(detuning)

Eigenvector

𝐸0𝑔 = −
ℏΔ

2

𝐸𝑛± = ±
ℏ

2
4𝑔2 𝑛 + 1 + Δ2
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Jaynes-Cummings Model: Resonant Case (Δ = 0)
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Jaynes-Cummings Model: Resonant Case (Δ = 0)
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Wallraff,Nature 2004

Vacuum Rabi mode splitting was observed!!

Circuit QED is in strong coupling (𝑔 ≫ 𝜅, 𝛾)  regime.

(𝜅 + 𝛾)/2

2𝑔

𝜅: cavity-decay rate
𝛾: qubit-decay rate

𝐸𝑛± = ±
ℏ

2
4𝑔2 𝑛 + 1 + Δ2
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Jaynes-Cummings Model: Dispersive Limit (Δ ≫ 𝑔)

is the dispersive shift.

 Qubit-state-dependent cavity frequency shift

Quantum non demolition measurement for qubit state

 Lamb & AC stark shift

Resolving photon number states
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Jaynes-Cummings Model: Dispersive Limit (Δ ≫ 𝑔)

is the dispersive shift.
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Cavity/Circiut Quatum Electrodynamics

 An atom(qubit) is located in electromagnetic field region!!

 Local interaction between the atom and the electromagnetic field in cavity

Electromagnetic field region

Natural atom (qubit)

Cavity quantum electrodynamics

Artificial atom (qubit)

Electromagnetic field region

Circuit quantum electrodynamics
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inside cavity

&

field-free region

superconducting
charge qubit 
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Quantum Electrodynamic Aharonov-Bohm effect

schematic setup

𝐿 = 𝐿𝑐ℎ𝑎𝑟𝑔𝑒 + 𝐿𝑐𝑎𝑣𝑖𝑡𝑦 + 𝐿𝑖𝑛𝑡.

Lagrangian:

Lorentz-covariant interaction :

𝐿int =
1

𝑐
 j ⋅ 𝐀 𝑑𝜏 −  𝜌𝑉 𝑑𝜏 .

j : current density of the qubit. 

𝜌 : charge density of the qubit.

The time-dependent potential affects a charge qubit

A charge qubit is located in the electromagnetic-field [E(t) & B(t)]-free region.



Potentials are generated by the cavity

electromagnetic field  [ E & B ]

boundary condition

surface

charge (𝜎𝑠) & current (𝑲𝑠)
density

Potentials at the qubit location

 𝑉 𝑡 = −𝑉0  𝑎𝑒−𝑖 𝜔𝑡−𝜃 +  𝑎†𝑒𝑖 𝜔𝑡−𝜃 ,

𝑉0 ∝
ℏ𝜔

|𝑒|
𝑘𝛿𝑧 .

𝑨(𝒕)

𝑨 𝑡 = 𝐴(𝑡) 𝑥 .

scalar potential
vector potential

j

j ⋅ 𝑨 𝑡 = 0

We can ignore the interaction by the vector potential.

𝑉 𝒓, 𝑡 =  
𝜎𝑠(𝒓

′, 𝑡 − 𝑅/𝑐)

𝑅
𝑑𝑎

𝑨 𝒓, 𝑡 =
1

𝑐
 
𝑲𝑠(𝒓

′, 𝑡 − 𝑅/𝑐)

𝑅
𝑑𝑎
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the lowest mode



Interaction

𝐻 = 𝐻𝑞𝑢𝑏𝑖𝑡 +𝐻𝑐𝑎𝑣𝑖𝑡𝑦 +𝐻𝑖𝑛𝑡

|𝑒〉 =
1

2
(|1〉 − |0〉) ,

|𝑔〉 =
1

2
(|1〉 + |0〉).

𝐶𝑔

𝐸𝐽 𝐸𝐽
island

reservoir

Makhlin-Rev.Mod.Phys. 2001.

Superconducting charge qubit

cavity

&

field-free region

superconducting
charge qubit 

𝐻𝑖𝑛𝑡 =  𝑞  𝑉

electrodynamic potential

 𝑞 = −2|𝑒||1〉〈1|= − 𝑒  𝜎+ +  𝜎− ,

Charge operator

where  𝜎+ = |e〉〈𝑔|,   𝜎− = |g〉〈𝑒|.

𝐻𝑖𝑛𝑡 = ℏ𝑔 (  𝜎+ +  𝜎−)  𝑎𝑒𝑖𝜃 +  𝑎†𝑒−𝑖𝜃 ,

with the interaction energy : ℏ𝑔 = −
𝑞𝑉0

2
.
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Electrodynamic Aharonov-Bohm effect

“static” Aharonov-Bohm effect “electrodynamic” Aharonov-Bohm effect

The paths of a charged particle are in electro-

magnetic-field-free region.
A charge qubit is located in the electro-

magnetic-field-free region.

(our work)

The “static” potentials affect the behavior of the

charged particle.

The “electrodynamic” potential (V(t)) affects

the charge qubit.

“Aharonov-Bohm phase”
“Nonlocal exchange of the charge and the photon”

𝜃𝐴𝐵 =
𝑒

ℏ𝑐
 𝑨 ⋅ 𝑑𝒙

𝐻𝑖𝑛𝑡 = ℏ𝑔  𝜎+  𝑎𝑒
𝑖𝜃 +  𝑎†  𝜎−𝑒

−𝑖𝜃 ,

and ℏ𝑔 = −
𝑞𝑉0

2
.

charge qubit

cavity

“There is a shift in interference pattern”
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Source

Region1     𝑉1

Region2      𝑉2

Screen

Source

Magnetostatic AB
Electrostatic AB

𝜃𝐴𝐵 =
𝑒

ℏ
 𝑉𝑑𝑡

Magnetostatic AB Electrostatic AB



Electrodynamic Aharonov-Bohm effect: interaction strength

ℏ𝑔 = −
𝑞𝑉0
2

.Interaction energy : 
𝑔

𝜔
= 𝑓

𝛿𝜌

𝜌1

𝛼𝛿𝑧

𝜌1

QUBIT

𝛿𝑧

𝛿𝜌

𝜌1

𝜌1 = 2.50𝑚𝑚

𝛿𝜌 /𝜌1= 0.1

𝛿𝑧/𝜌1 = 10−3

𝜔/2𝜋 = 9.09 GHz 

This effect can be strong enough to be observed.

Interaction strength:

𝑔/2𝜋 = 5.27 MHz.
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Observable phenomena by the QED AB effect

vacuum Rabi splitting 

vacuum Rabi oscillation
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etc.
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 Summary



Summary

 We predict the electrodynamic Aharonov-Bohm effect with time-dependent

potential under the condition that a charge is placed in a region free of

electromagnetic field.

 All the exotic phenomena with cavity QED can be observed in this

electrodynamic Aharonov-Bohm setup.

 This effect can be realized with a superconducting charge qubit interacting

nonlocally with a cavity electromagnetic field.

arXiv:1506.07961v1
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