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@ Dissipative quantum phase transition of Rab1 model

A. Background and motivation
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A. Research background ---- Models
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A. Research background ---- Phase transition (PT)

* Thermodynamic limit :
occurs 1n the system with a large number of particles, e.g., Dicke model;

also can defined in the non-thermodynamic systems, e.g., Rabi model.

Q

N — oo (Dicke model) —— 1= oo ( Rabi model )

_________________________________________________________

* Order parameter :

the value of the order parameter by optimizing g<g
some energy functional. :

¢:{m oo 5 o
7£07 g > ge.
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e Jonas Larson and Elinor K Irish
A. Research baCkgmund ---- Phase transition (PT) J. Phys. A: Math. Theor. 50 (2017) 174002 (22pp)

* Crtical exponent:

determines how the correlations behave when close to the critical point;

A X |g o gc‘_v°

v : critical exponent

* Scaling laws:
a set of critical exponents: «, f3,, 9.

they are not all independent from one another.

a+28+~v>2, a+pB(6+1)>2
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A. Research background ---- Phase transition (PT)

* Universality class:
different systems have same critical exponents;

1.8
* Finite size scaling:
1/ % 1.2
_ v z
x(t, L) = L7f (L"),
t — T - Tco § 0.6¢
T : temperature A TR SR R Re vy
! - 0 A 8
L : size of system ; Sekdleacsns

H. Eugene Stanley |
Rev. Mod. Phys., Vol. 71, No. 2, Centenary 1999



System:

State:

Mark of PT:

quantum phase transition (QPT)

Hamiltonian
H=H', H|¥)=Ey|?)

ground state

H|¥,) = Eg,|¥y)

energy gap
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Liouvillian operator
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A. Research background -- Without dissipation

Hamiltonian:
N

N
H=w.ala+) %&z — ) - (ady +a'6_) + Ay (ad
=1

g=1
> Plenio, PRL 115, 180404 (2015)

QPT in the Rabi model: N =1,r =1

Q

* phase transition if 7 = o — OO
(&

» Hai-Qing Lin, PRL 119, 220601 (2017)

QPT in the anisotropic Rabi and Dicke model: N > 1,r # 1

* phase diagram

(a)

2 0 2

* anisotropic Rabi and Dicke model belong to the same universality class
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A. Research background -- With dissipation

Master equation:
p = —i[H, p] + xD|a]

Dla] = 2apa’ — a'ap — pa'a

> F. Dimer, PhysRevA. 75, 013804 (2007)

DQPT in the Dicke model: N > 1,r =1

» Philipp Strack, PRA87, 023831 (2013)

Finite size scaling (analytical)

In( 2(11)C+l )
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A. Research background -- With dissipation

. D) .-
» Plenio, PRA 97, 013825 (2018) s Lt

DQPT in the Rabi model: N =1,7 =1 s L Lo
 second-order phase transition = o | | ' i:::; ;
* Rabi and Dicke model belong to the 177(1;_ gel 1% ( N|1g0 j s o
same universality class (numerical) i
. 1.2} -
> Guitao Lyu, PhysRevResearch.6.033075(2024) | P
Multicritical DQPT in the anisotropic Rabi model @ =°°
| 04r i
N=1r#1 0'2' NP NP
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@ Dissipative quantum phase transition of Rab1 model

B. Mean-field analysis

14



v B. Mean-field analysis DQPT in AQRM

Q

Hamiltonian: H =w.a'a + =6, — A_ (a64 +al6_) — ¢ (a6- +a's4),

2

Master equation (ME):

dissipation

Dissipative
Phase transition

p= _i[Ha ,0] + K’D[a’]

__________________________________________________

r = )\+/)\_

- dc k. 1 (% ~

d_T = — (QTC +z)c+§ (/\_8_+)\+8+)a
1d S X

> ;% - ngn(ﬂ) 8+ + % (A—-C* + )‘+C) SZ’
ldsz = iA_ (csy —c*s_) — 7:5‘4‘ (cs— —c"sy)
n dt
a = (@), s+ = (0+), and s, = (52)
c=<&>, 7\1225 "
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B. Mean-field analysis ---- Phase diagram

1
= 4 = - ,
\/1 + [A_c* + Aic|? 2

1 - 5
sy = ——(A_c" + Ayic)s,,

de k. i (A2 + S\i)c + 22t
=\t c—sgn[sz]i = . .
4 We \/1 + A 4+ Ayc?

Steady state:
NP :s,=-1, s+ =0, ¢c=0,
NPT:SZI]., sy =0, ¢c=0. I

SP, : s, = —cosfgp, sy = :I:EeiquP sin Ogp

o — 5\_8_ + 5\+8_|_
21 —ik/we) ]

0, 1)
0, 1)

£a, 1)

I
I
!
4t !
1
!
'
!
I
N B NP:,SP,
1< LI
2 I o-.....
C
NP,, NP;
0 1 1
0 2 4
A_

unsteady fixed points:

SPT .

£, 1)




A4

B. Mean-field analysis

I' NP;,SP,

SP

NP NP

00 05 10 15 2.0 25 3.0
g

PhysRevResearch.6.033075(2024)

---- Compare of MF and ME results

White: normal phase (NP)

Purple: super-radiant phase (SP)

Yellow: coexistence phase

Master equation (ME):

p = —ilH, p| + kDa]

-05¢} ,“‘F
f‘ Xi = A, = 107
1& x103
0 2 4
WeT
mean-field
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B. Mean-field analysis ---- Compare of MF and ME results
Mean-field (MF) approach (17 — o0): Master equation (ME): p = —i|H, p| + kD|a]
AB) = (A)(B .
< ,> .< x > . Py 3 /3 <3 ;
lc /— mean-field
4 | /
0.4}
I ~~—
3 p NP;,SP, . § » ME
ot | SHPY!
C
i NP, NPt n = 500
0 2 4 0.45 0.7 0.95
A s
A
SP
MF analysis and numerical simulation of ME:
* meet at basic information about DQPT;  show discrepancy at predicting observable quantity;
( phase boundary, critical points ) (qubit population, photon number)
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@ Dissipative quantum phase transition of Rab1 model

C. Finite n effect on DQPT — beyond mean-field treatment
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C. Finite 7] effects ---- cumulant expansion
d{o, . X X ) )
<dt i = 2ig [(ao ) — <aT0_> — X ({ao_) — <aTa+>)]
d(ao
<dt ) = — (k +iwo — i) (acy ) + ig (<&T&Uz> + M {@20,) + (o,0.))

Cumulant expansion:

(ABC) = (AB)(C) + (AC)(B) + (BC){A) — 2(A)(B)(C).

LA
A2+ 7

Analytical result in NP:  (6,) + A,
d~

. . b
Statistical mixture of NPT and NP L <

AL

Pp= =
TN 42

(normal phase)

Controlled by 44 or r

Disadvantage:

complex calculation, hard to get the analytical result in SP;

0.5 -

< of
/
05}
# Ay = A, n =102
1&! ) ><103
0 2 4
WeT
107!
& 5\+ — 5\_
10727
‘0\‘)
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1074t RN
T
10-5 | | ™)
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C. Finite 7] effects ---- effective master equation
Master equation: | je
. . U'pU . .
p = —Z[H , ,0] + fs:D[a,] | > effective master equation . T
NP: p = U'r]:,p/6 Unp C
p=—i|Hup | +kDlal5+ - > MDs. s
p== SPT NPT SPT
52 O ———— @ ——— O (5)>0
I'Np, NP, 2—_ Ky
A A
T e ; . 3 <o
— K —— @ 0,) <
NPy =NPy =9 SP, NP, SP,
(@) = —ey/n (@) = (@) = ey/m

0= Pipes| D+ Popey| P,
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C. Finite 7] effects ---- effective master equation

.2 s A a1 2 K 2 ~ 124~fa 12 ~ 194[A 12 A N )
SPr p=—i [Hsp,p] + kDla]p + 1 ©° Osp (IX-I°Dl7-10 + X+ I°Dl74]p) - 5 = ULU330a0s
T _ I)Z—|2 2 e D, e !
SP+—SP, Kk cos” Osp, . SPy NP SP4
' O m—p @ —) (62) >0
~ 2 ,"I \
X P
I'sp, ssp, = X | K cos” Osp, o
b \ hi’l [
__________ . 0 m—— () ———p @ (6.) <0
SP) iroomomize SP; =——— NP; SP, NP, SP,
=12 (@) = —cym (@) =0 (@) = ey
FSPi—*NPT =~ |X+| KJCOS29 _______________________________________________________________________
A2
NP, ;--o-----» NP sp, —— b= X2 4 %, |2 cos? Bsp (a'a) = Psp, |c*n,
2
I'npyosp, @ 5K

2n 22
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C. Finite 7] effects ---- effective master equation

SP: Psp, =3 > ~ (1+A2/A2) "

A : .
* larger value of r = =* leads to a more dramatic reduction of photon number

controlled by A4 or r

23



v C. Finite 7] effects

Coexistence Phase C

1 NPT’ SPl

SP

NP NP

---- First order phase transition

(numerical results)

2.2

00 05 10 15 2.0 25
g
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AN_ = X* =)\F

| k~-—1

3

Sudden drop to zero
First order phase transition?

0.1F

s 10 e 10°
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C. Finite 7 effects ---- First order phase transition
Coexistence Phase C
SP, NP, SP;
0.6(a) O et @t O (5.) >0
i\f 03+ NP a . .
oz :
1.4 3.8 . K K
QO = ) @ e —) @ (6,)<0
0.4(b) A =15 (NP)] 5Pt Ny 5Py
(@) = —cym (@) = (@) = cvn
A- =22 (SP)|
In the C region
et A =32(0) the system 1s “trapped” in the NP phase
: i, |
0.4 k(e) Aio=37(C) ! 1
. . . , .
0 50 100 150 200

photon number
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Coexistence Phase C (numerical results)

NP;, SP,

C. Finite 7 effects ---- First order phase transition

6Ha)

. NP

A_ =15 (NP)]

A_ =22 (SP),

50

100
photon number

150 200
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C. Finite 7] effects

Mean-field (MF) approach (7 — o0):

n — oo before t — oo

s

NP;,SP,

v

Master equation (ME): p = —i|H, p| + kD|a]

t — oo before n — oo

NP

SP

NP
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@ Dissipative quantum phase transition of Rab1 model

D. Scaling analysis at the second-order phase transition

II
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4t /
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1
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Effective equilibrium theory

Philipp Strack
PRAS87, 023831 (2013)

Z

Mz
Mz

. A W
Dicke model: H = wpa'a + - 20 L
1=1 \’ =1

Effective low-frequency Langevin approach and mapping to thermal ensemble

Motion equation : ki&(t) + o’z (t) + B23(t) = f(¢).

\ Y l \

Gives the effective potential V(x)  Gives an effective temperature

The steady-state of an equilibrium system with Landau free energy V (x)

fdwmze_F(w)/Teff
fdgje )/Teff .

can computed through the thermal average (z*) =

29



D. Effective equilibrium theory

* QPT in the Dicke model Prilipp Strack, PRAS7, 023831 (2013)

N _ Nn  T(3/4) ~ .
<:13 > — (wg + Iﬁ',2) F(1/4) N =1 for Rabi model ?

* QPT in the Rabi model Pienio, PRA 97, 013825 (2018)

g — gcl" (ala)s(N,g) = cF™*(N|g — gc|"/%) * give same exponent
* have a nonuniversal prefactor
L -15F
3 Dicke model ae®" = |(b) .
\@/ 2F icke mode e ‘aua.u! c~ 0.507 *‘2 ’J"v
| -2.5 a@®  ga® S v < =50
@Q] .‘ -3 |
= a® «® 107 < 0 =100
S 3-@@‘@@ T : = o’ N =30
@ a Rabi model o . N_uw
9 a® A=1 - —3 —2
35 l : : : . 10~ 10~ 10~
45 4 35 3 25 2 15 nlg — ge|/ (N|g — ge|/<)

log1o1|g — Ge|*/% (logyy N | — Ge|*/*) .



D. Effective equilibrium theory

|g — gc|vx (ata>s('7,8) — Fn(77|8 — gclv't/c“)

The scaling function affected by anisotropy.

-4 -3.5 -3 -2.5 -2
10gl() TI|9 - g(_f"ll-":-/f.zv

* universality scaling function for anisotropic Rabi model ?

31
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D. Effective equilibrium theory ---- different of Rabi model and Dicke model

&:—iwofz—x&—%df—l—}", S : 3
/ et 0, = —1 d°z p dz

6t = im0t — 2544 +ah), z s —— =~ o 33 ) —2k— &

i L@, 0; JN dt2? ¢ n dt g
z g . 4 —~a 1 At

6 = —2—=(0;" —o; )a+a').

VN Dicke model
SP; NP; SP; o '
O=—— 0«0 ()>0 '« gpin flip in the Rabi model
* NP, also contribute in the steady state
O ——— & e—— 0 (@)<0 Only captured steady fluctuation in the subspace o, = —1
SP, NP, SP,
(@) = —cy/m () = (@) =cy/m
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D. Effective equilibrium theory of anisotropic Rabi model

* The fluctuations in 6, = —1 give the steady fluctuation (at the critical point):

B fdmx2e_F(m)/T€ff

2
(@) = [ dze—F@)/Tss

* The fluctuations in 0, = 1 subspace do not diverge with n

Steady fluctuation (at the critical point):

Il z2e~V(@)/Tqy

A2 .
&) = V@ Tdg

P_ is the the population of NP, state, P_ = 1/(1 + r?)

o _ (2Q00) [ T
o-(29.7)
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D. Effective equilibrium theory

Steady fluctuation (at the critical point):

2 _ (2Q00) [ T
<x>_(1+7.2 ,330%) V1,

* the difference in the scaling behavior of the Dicke and
Rab1 models increases as 7 increases.

* finite anisotropy 1is not expected to modify the
universality class of the model.

T = )\_|_/>\_
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D. scaling analysis at finite 7] ---- universality

~

Non-equilibrium scaling function : (55\_)’/(522) — F (77(5 )\_)V/ C) ,

F(z) = (c1/c2)v/zQ(c1v/) & P ——— ' ;

>
> r=1,n7=10*
31 _ _ 3
or=2n=3x10
A. wc ch OT:2,7725X103
C1 = 54/ 52m Co = . = — 104
2\ 3T AP_T’ 2p e r=2n=1

P.=1/(1+7?)

-2 -1

0
C1 \/ﬁ(SS\_

open anisotropic QRM systems belong to the same universality class.
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@ Dissipative quantum phase transition of Rab1 model

E. Conclusion

36
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D. Conclusion

» We studied the dissipative quantum phase transition (DQPT) in the anisotropic quantum Rabi
model (AQRM) by mean-field theory.

* phase diagram; two types of phase transition.
» We explored the finite 7) effect in the DQPT of AQRM by cumulant expansion and effective

master equation.

 statistical mixture of mean-field solutions;
* suppression of superradiance ;
* “collapse” of superradiance in the tricritical phase
» We calculated non-equilibrium scaling function at finite 77, determined the universality class

that the AQRM belong to.

* non-universal factors have simple physical meaning
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