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Spatiotemporal stochastic resonance in fully frustrated Josephson ladders
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We consider a Josephson-junction ladder in an external magnetic field with half flux quantum per plaquette.
When driven by external currents, periodic in time and staggered in space, such a fully frustrated system is
found to display spatiotemporal stochastic resonance under the influence of thermal noise. Such resonance
behavior is investigated both numerically and analytically, which reveals significant effects of anisotropy and
yields rich physics.
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[. INTRODUCTION is not clear a priori whether the kinetic Ising model describes
the true dynamics of a real physical system, especially, far
In a nonlinear system driven by a weak periodic signal,from equilibrium.

noise present in the system can operate cooperatively with In this paper, we consider a Josephson-junction ladder
the input signal. This effect, known asochastic resonance (JJL, two one-dimensional arrays of superconducting grains
(SR), emerges when thetochastictime scale of the noise coupled with each other via Josephson junctions, in an ex-
matches thedeterministictime scale of the input signal. ternal transversg magnetic field with half flux quantum per
Since its introduction two decades ago or*s8R has been Plaquette(see Fig. 1. It has two degenerate ground states
observed in a wide range of systefnRecent interest has and switches back and forth from one ground state to the

been attracted to the collective spatial and temporal beh::xvi(ﬂthe_r under the mfluen(_:e of thermal noise and the_p_erlodlc
of SR in arrays of locally or globally coupled nonlinear os- (n time) and staggered(in spac external current driving.

. . . . uch a fully frustrated Josephson-junction laddeFJJ
cHIaFors and in spayally extended contm_uou§ ;ystems undq?as severalymerits as an exafnple 01! the real pthicaI I-s)ystem
t_he mfIgence of noise and weak perloghc drivifyin par- to investigate STSR in: The temporal evolution of the system
ticular, it has been shown that the SR in an array of Iocal,lyfollows the well-known resistively shunted junctidiRSJ
. ) X : gdynamicsff described by a set of overdamped coupled sto-
mﬁcaptly be enhanced Wl'th respect' to that in a SiNgfle-  j\astic differential equations for phase variables on super-
chastic r_esonatof’ The optimal coupling and noise strength ¢,nqycting grains. Each parameter in the RSJ model has a
scale with the system size, and the signal-to-noise ratigjear physical meaning and can be controlled easily in
(SNR) in the optimal conditions is improved by a consider- experimenf. Moreover, the JJL itself has been a topic of a
able amount. Such effects of array enhanced stochastic resgreat number of studies due to its rich physics in conjunction
nance(AESR) have also been observed experimentally in awith vortex motion and frustration effects!® Here we per-
system of coupled diode resonatérfhe AESR and other

interesting aspects of the spatiotemporal stochastic resonance () L{t)

(STSR are believed to have potential importance in the area

of signal and image processing and pattern formation. £=2
Most of the works on STSR have been focused on model @B

systems, which are relatively easy to study numerically and 4 —x (=1

sometimes analyticallicf.Ref. 4. For instance, widely stud-

ied are the one-dimensional time-dependent Ginzburg-

Landau modél and the Langevin-type stochastic equations (b)

for linearly coupled bistable oscillatofsOn one hand, they =~ P T P T
are rather general in nature and applicable to various sys- O O ; v,
tems; on the other hand, relevant parameters can only be =~ ----- b Semneees b R
determined phenomenologically for a specific system. An-

other class of model worth mentioning is the kinetic Ising o v P I
model® Although the Ising model, per se, does not have any SO ORI S

a priori dynamics, it can be provided with an artificially de-
fined temporal evolution consistent with the equilibrium  FIG. 1. (a) Schematic diagram of the fully frustrated Josephson-
properties of the Ising magnets. While the kinetic Isingjunction ladder(FFJJL) driven by staggered currentg) Two de-
model has been extensively studied mainly via Monte Carl@generate ground states of FFJJL in the absence of external current,
simulation methods in various contexts including STSR, with ®’s indicating the positions of vortices.
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form numerical simulations on the RSJ model, and examin@vhere each site indexhas been further specified by the leg
the spatiotemporal behavior of SR in the FFJJL. Of particuindex 1(=1,2) and the positionx along the leg, i.e.,]
lar interest are the effects on STSR of the anisotropy in the=(l,x). The effects of the magnetic field are manifested in
Josephson coupling along the leg- and the rung-directiorthe gauge fieldA;;=—A;;, which, in the Landau gauge,
which turns out to yield quite rich physics. We also presentakes the form
an analytical investigation, based on the Glauber dynamics
of vortices, and make comparison with the simulation re- 0 for (ij) legs,
sults.

This paper is organized as follows: In Sec. Il we introduce

the model and specify associated control parameters in ﬂ\ﬁherefz(l)/q) is the flux® per plaquette in units of the
system. The model is also related to a one-dimensional SY$iux quantumcbo —he/2e
0— .

:%ne?gevoéggiitagg to (tarr]g darr;cge:gtriréafgi;glgtlilsgg g}lotﬂgl (Ijlza;?- Most of the physical properties of a Josephson junction
vation oﬁ‘)these connggctions is gontained iﬁ A ; endix A Sec[adders (and arrays in genefalcan be understood most
. ; . PP =~ clearly in terms of vortices. Accordingly, we introduce an
tion Il presents results of numerical simulations. We first ; G

. . . .~ effective vortex Hamiltonian,
characterize the SR behavior of the system, and investigaté
the anisotropy effects on the STSR behavior. These simula-

i

©)

17| 27fx for (ij) rungs,

tion fesults are compared with the a_nalytical ones in S.ec. v, Hy= 2 (v —f—8F )G(X—Xx" ) (v, —f—5F), (6)
obtained from the Glauber dynamics of vortices. Finally, xx’

Section V concludes the paper with a brief discussion about

possible experimental setups. which is equivalent to Eq.1) within the Villain schemédsee

Appendix A for details. In Eqg. (6), the vorticity v, on

plaquettex is given by the directional sum of the gauge-

invariant phase differences around the plaquette and only
Within the RSJ mode{neglecting the capacitive and in- takes the valuest1 while the effective interactiorG(x)

ductive effecty a Josephson junction can be characterizedetween vortices obtains the form

by the Josephson critical curreht or equivalently the Jo-

1. MODEL

sephson couplingl=#1,/2e and the shunt resistandg, o [1+a+V1+2a] ™
which defines the frequency scalg=2eRI;/# for the dy- G(x)= (7)
namics of the system. Throughout this paper, we always V1+2a @

measure energy and temperature in unitd,dfme and fre-

qguency with respect te;, and other induced gquantities cor-
respondingly. A JJL of length in a transverse external mag-
netic field, depicted in Fig. 1, is then described by the set of

in the limit of L—o. The additional time-dependent flux
o6f (1) is due to the external driving current and given by

coupled stochastic nonlinear differential equations for phase 2a—1 .
variables oty ()= ————-(—=1)*l,cost. (8)
m(1+4a)
_ %_) [Q;Sij(t)+\]ijsin( dii— A+ &=, QD) For the purpose of discussions below, one important point
ieN(j

here is the following: Without external current driving(
=6f,=0) and at the maximal frustrationf€1/2), the
Hamiltonian (6) has two degenerate ground stabe [see
Fig. 1(b)] with different values of the staggered magnetiza-

where ¢;;= ¢;— ¢; is the phase difference across the junc-
tion (ij), N(j) denotes the set of nearest neighbors of jsite
and ¢j;(t) is the random noise current on the junction with

. tion
zero average and correlation
(Gij(O & (1)) =2T[ 85,611y~ Oy (rinJo(t—t"). mzlz (—DX v I B 9
' ' ) L < x 2 T2

The Josephson coupling strengkf)(=J;;) is given by The additional flux favors one of the two staté's. and thus
lifts the degeneracy. Thus the system under consideration is
a for (ij) legs, somewhat analogous to a simple two state model and from
Jij= 1 for (ij) rungs () this perspective the existence of a SR response may be intu-

itively expected. It should be noted here that the sigdfgf
where we have introduced the anisotropy faaiobetween depends on the anisotropy factey implying that the choice
leg-junctions (abbreviated as legsand rung-junctions between the two statef. depends on the value ef: For
(rungs.™ The external current in Ed1) is periodic in time ~ a<a2,=1/2 the system favors, say, the state. and for

with frequency() and staggered in space a>a?, the other stat& _ . This can be understood from the
fact that the external currents tend to flow through the easier
Ij(t)=(—1)'+xlocosﬂt, (4) links, i.e., the rungs for smalt and the legs for large:.

104506-2



SPATIOTEMPORAL STOCHASTIC RESONANCE IN . .. PHYSICAL REVIEW &3 104506

0.5 phase differences, shows clear synchronization to the input
driving current atT=0.26. Such behavior is observed only
- in the intermediate range of temperatures. At sufficiently low
T oo temperatures the system does not follow the external driving
but most of the time stays in one of its two stable states
[m(t)=£1/2], while at sufficiently high temperatures the
0.5 resonance effect is washed out by strong thermal fluctua-
100000 110:)00 120000 tions. The SR behavior is also clearly reflected in the power
spectrum defined by
40 T T T T 4
(b) {3 o
30T T S(w>E<U dte”'“'m(t)m(0) 2>, (10)
= 12w 0
w
20 + SNR —s— E .
S —=— ! where (- - -) denotes the average over thermal noises, and
! ! ! . 10 the valuean(0)= —1/2 and® =50t with to=2=/() have
01 02 03 04 05 06 been used in the simulations. The SNR is then defined by
T
' ' ' 2 SNR=10 S 11
1 F 2 T T T _(C) - O& N(Q) ’ ( )
o e ]
§ L 0 ;\ X 11 whereSis the output signal strength given by the area under
=040 0.1 7 05 the peak ato=) andN(Q) is the noise level ab=(. The
JL'—LEO.zo 7016 SNR and the signal streng® [Fig. 2(b)] display peaks at
N —>—0 T=0.26 andT=0.22, respectively. It is clear from the time
0 05 1 1.5 2 series of the staggered magnetizatiot) [Fig. 2(a)] and
Lty also the residence-time distributidfrig. 2(c), see below

that these peaks are associated with the global synchroniza-
fion of the system to the external periodic driving. As an
alternative characterization of the SR behavior, we also mea-
sure the residence tintg, i.e., how long the system stays in
one of its stable statésand show in Fig. &) its distribution
scalg as functions of the temperature; afg] residence-time dis- P(t,) at various temperatures. Ne&r0.2, t_he _dlstrl_butlon
tribution at several temperaturésset: primary peak height in the d€velops a narrow peak aroutié=t,/2, again signaling the
residence-time distribution as a function of the temperature input/output synchronization. The primary peak height
defined by the area of the distribution aroune-tq/2, is
In the following sections, we will use the more complete ShOWn in the inset of Fig. (2), manifesting the broad peak

and accurate modéll) for numerical simulations, whereas Ne€arT~0.2.

the effective mode(6) will be the starting point of our ana-  Né&r SR, synchronization of the magnetization on each
lytic approach. plaguette leads to the enhancement of the spatial correlation

in the system, as demonstrated in Fig. 3. In Fig),3ve plot
the occupancy ratioOR),®> which measures how many
Ill. SIMULATION RESULTS plaquettes in the ladder followin phase the external driv-

We first present results from the simulations of the RsJ"9- N our case it is given by
dynamics. The set of equations of motion in Ed). is inte-
grated through the use of the simple Euler algorithm with
discrete time stepAt=0.05, and the thermal noise currents
satisfying Eq.(2) are generated to follow the uniform distri-
bution. To use the efficient tridiagonal matrix algorithfn, where cosQt;)=0 and({- - -)) represents the averages over
we separate Ed1) into two parts by change of variablesee  time and ensemble. Note that the temperature at which the
Ref. 12 for details For the staggered input current, we setmaximum occupancy is attained coincides with the tempera-
[,=0.1 andQ=0.002. ture where the SNR develops a peak. To show the enhance-

In Fig. 2, we characterize typical SR behaviors of thement of the spatial correlation in a more direct way, we plot
isotropic system ¢=1) with sizeL =128 in three different in Fig. 3(b) the deviation of the average number of domain
ways: (a) the time series of the staggered magnetizatibp, walls for staggered magnetization from the equilibrium
the signal-to-noise rati¢SNR), and (c) the residence-time value, An(lg)=n(0)—n(ly). Reduction in the number of
distribution. In Fig. 2a), the staggered magnetization(t) domain walls near the resonance temperafligg can be
=(1L)2,(—1)*m,(t) [equivalent to Eq(9)], wherem, has  observed. Here the initial suppression of the spatial correla-
been obtained from the plaquette sum of the gauge-invariartton (for T<0.2) is due to the asynchronization of the sys-

FIG. 2. Various characteristics of stochastic resonance in th
system of sizé = 128 for the driving frequenc§) = 0.002:(a) time
series of the staggered magnetizatio(t) (solid line) and the ex-
ternal currenfdashed lingat T=0.26;(b) signal-to-noise ratidleft
vertical scalg¢ and output signal powes at frequencyQ (right

OR= Z((L+m(t,)~m(t_), 12
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FIG. 3. (8 Occupancy ratio andb) deviation in the average FIG. 4. Occupancy ratio for different values of the anisotropy
number of domain walls from the equilibrium valuAn=n(0)  factor a. The lower panelb) focuses on the regior=a,, and
—n(lg), for a=1 andL=32, 64, 128, and 256. T=Tgr.

tem: with each plaquette out of phase by a random amount, We now concentrate on the response of the system around
the effect of the external driving is similar to that of random a~ «, . Surprisingly, Fig. 7a) reveals that the SNR fow
disorder. =0.7, slightly abovea.,, exhibits reentrancelike behavior,
We next turn to the anisotropy effects, which are summacharacterized by a double peak. Further, the time series of
rized in Figs. 4, 5, and &i) The OR undergoes a dramatic the staggered magnetization shown in Fi¢p) indicate that
change asy is varied overa.,=0.67. Fora<a., the OR  the system favors different states at lower and at higher tem-
reaches its minimum values at the resonance temperatupratures. One possible explanation for these effects goes as
Tsgr Whereas maximum values are attained dor o, (Fig.  follows: For a=ay,, the currents at a given timefavor to
4). The OR minimum corresponds to a phase difference oflow through legs, but only slightly, with’.. almost degen-
approximatelyr between the applied field and the staggerederate. In our model described by E@%) and(2), the ratio of
magnetization.(i) The SNR atTgg is substantially sup- the noise level to the Josephson coupling on each link is
pressed neat~ «.,, as shown in Fig. 5iii) The resonance given by T on rungs andl/« on legs, resulting in that the
temperatur@ sgin general increases witl, althoughitisill legs are subject to stronger random noise than the rungs
defined aroundy,, (Fig. 6; see also below These curious (a.<=a<1). As the temperature is raised, stronger random
behaviors can be understood by recalling that the anisotropyoises thus effectively hinder the currents from flowing
factor affects the system in two different ways: On one handthrough the legs leading to opposite circulation currents on
a simulates the effective coupling strength between

plaquettegsee Eq.(7)]; this is analogous to the coupling 40 . 0.8
strength in the system of bistable oscillators, and explains

straightforwardly the increase @fsg with «. On the other 30

hand, depending on the value @f the system favors one of °§a 0.7
the two statesl .. [see the discussion below E@\6)], giv- ) 20 o
ing rise to thew-shift-like behavior in the system response o« o
(occupancy ratipwith respect to the signal. In addition, for z 0.6
a=«a.,, the external currents are not efficient to drive the 10

system since it is not obvious which links the currents will

prefer. This naturally leads to suppression of the system re- 0 0.5
sponse, as shown in Fig. 4 and more clearly in Fig. 5. Note

the rather reasonable agreement between the crossover an- o

isotropy @, in simulations anda2,=1/2 obtained from FIG. 5. SNR, 10 log (left vertical scalg and OR(right scale
simple consideration of EAG). at Tgg as functions of the anisotropy facter
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FIG. 6. Resonance temperatdrgg, obtained from the SNR, as =
a function of the anisotropy factow. It is ill-defined neara T-0.3
=a.,, Where the system response is strongly suppressed. The two
values ofTggfor a= a,, correspond to the double-peak structure of . . 7=0.2
the SNR(see Fig. 7. Behgwor ofTSRfrom the occupancy ratio as 100000 110000 120000
well as from the output signal strength is shown in the inset.

neighboring plaquettes. This argument is consistent with the 0.6 . . . .
equilibrium value of the staggered magnetization) as a ' (c)
function of the temperature in the presence dftatic stag- 04
gered currentQ =0), displayed in Fig. {€). For those val-
ues ofa, which lead to the double-peak structure, both tem- 0.2 1
peratures corresponding to the two peaks have thus been
plotted in Fig. 6.

{m)

0 0.2 0.4 0.6 0.8 1
IV. ANALYTICAL RESULTS T

In this section we examine the SR behavior in an analyti- FIG. 7. Reentrancelike behavior neag,: (a) the SNR as a
cal way, based on the Glauber dynanfasf vortices. Since fynctlon_of the temperature foatzO.?_ an_d(b) the corrgspondl_ng
the effective interaction between vortices, given by B,  time-series of the staggered magnetizatoft). For clarity, verti-
decays exponentially with the interaction range of the ordefa Positions of the data curves are shifted with respect to each
of the lattice constant, we can regard it essentially as thgther. In(c), also shown is the equilibrium value of the staggered
nearest-neighbor interéction The effective vortex Hamil_magnetization as a function of the temperature in the presence of
tonian in Eq.(6), together with Eq(8), then reduces to the static staggered current§}€=0).
one-dimensionalferromagnetit Ising Hamiltonian in the

2 2 2
oscillating field S= W—hz%
8T A“(1—y)-+Q~’
(15
H|=—J|E 0'x0'x+1_h2 Oy (13 N(Q)=E£R ﬂ
X X 2 51(1_7752) '

with the (staggereflIsing spino,=2(—1)*m,, where the where A=exp(—J,/T), y=tanh(2,/T), p=tanh{,/T), s,
nearest-neighbor interaction and the oscillating field are=[(A+iQ)2—A?y?]'2 s,=Ay/(A+iQ+s;), andR de-

given by notes the real part.
The SNR given by Eq(11) together with Eq.(15) is
7 1+a—1+2a plotted in Fig. &) for various values ofx, demonstrating
= ——F———, clearly the SR behavior. Furthermore, it reproduces most of
2 V1t+2a the anisotropy effects, which have been observed in the nu-
(14 merical simulations. For example, Figib8 reveals substan-
(2a—1)(1+a—1+2a) tial suppression of the SNR dtgg for a~a.,, while the
h=-2x (1+4a)) 1t 2a [ ocost. increasing tendency of s with « is shown in Fig. &).

Interestingly, however, in spite of the qualitatively good
agreement described above, one striking difference can be
We consider the Glauber dynamics of the Hamiltonianrecognized between the analytical results based on the
(13) and compute the SNR of the staggered magnetizatioGlauber dynamics and the simulation results obtained from
m(t)=(1/2L) 2,0, . We follow the procedure in Ref. 16 and the RSJ(Langevin dynamics: In the former there is no re-
obtain the output signal strength and the noise level entrancelike behavior in the SNR and consequently no
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the present paper one might measure vorticegpassibly
selected plaquettes in the ladder using the superconducting
quantum interference devic€SQUID) with a wide range of
operational frequency. Another indirect way might be to
measure the voltages across as many selected legs as pos-
sible. Highly challenging from an experimental point of view
would be to apply a staggerdtut otherwise uniformbias
current(through each sitealong the array?® It requires an
impedance for each injection of current, which should be
sufficiently large compared with the normal-state junction
resistance. One needs to choose superconducting materials
with higher Josephson energy, which allows higher operation
temperatures and hence more choices for resistors. Another
-30 . possibility could be to use an auxiliary array of junctions,
which provides high impedances at sufficiently high
frequencies?®

SNR

SNR
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o APPENDIX A

FIG. 8. Resonance behavior displayed by the Glauber dynamics |, this appendix, we derive the effective vortex Hamil-

of vortices in FFJJL(a) SNR as functions of temperature for vari- tonian (6). We start with the static case and consider for
ous values ofa; (b) SNR atTgg as a function of the anisotropy convenieﬁce th&X Y Hamiltonian:

factor «; and(c) Tgg as a function of the anisotropy facter

abrupt increase of gg neara~ «,. Further, the crossover H=— E Jicod i —Ayp) (A1)
anisotropy close to the valug), = 1/2 is obtained, while the o : :

simulations of the RSJ dynamics have given~ 0.67. ) )
which corresponds to Edql) in the absence of external cur-

rent driving (,=0). Application of the duality

transformatiot™?° at sufficiently low temperatures then de-
We have considered a fully frustrated Josephson-junctioeomposes the Hamiltonian in EqAl) into the sumH

ladder, driven by external currents, periodic in time and stag=H g+ H,, of the spin-wave parti g,y (which is given in a

gered in space. In particular the spatiotemporal aspects of theivial form) and the vortex part

stochastic resonance, resulting from the interplay between

the external driving and the thermal noise, have been exam-

ined by means of numerical simulations performed on the Hy=2 (05— F)G(X=x) (v —T). (A2)

resistively shunted dynamics. It has been found that the an- xx!

isotropy in the Josephson coupling along the leg- and the i

rung-direction yields rich physics, e.g., resulting in a double !N the presence of static staggered currgiis#0 but

peak SR structure. We have also presented an analytical if2=0 in Ed.(4)], we adopt the Villain scherfto obtain, to

vestigation, based on the Glauber dynamics of vortices, ant€ linear order irl, the effective vortex Hamiltonian

which is in a qualitative agreement with with the simulation

V. CONCLUSION

results. ,
A particularly interesting aspect of the fully frustrated Jo- HV:XEX, (x=T=81) G(X=X") (v = T = &),
sephson junction ladder is the possibility of manufacturing ’ (A3)

such a structure and performing real measurements. Owing

to the recent rapid advancement in lithographic technologywhere the additional effective flugf, depends on the frac-
already available are large-sized Josephson-junction laddetion p of the external currents flowing through rungs in the
of good quality. In order to verify the SR effects discussed inzero-temperature configuration:
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1-p
2a

_1( ) N
5= —p|(=1),. (A4)

From Eq.(1) without noise currentp can be obtained

P T aa? "9

leading to

PHYSICAL REVIEW &3 104506

2a0—1

— X
5fx—m( ). (AB)

When the externalstaggerefcurrent is periodic in time
(Q#0), the additional flux also varies periodically in time.
For sufficiently low-frequency driving{<1), we can take
Eq. (8) for the additional time-dependent flu,(t). Such a
periodic flux induces oscillations between the two states
V., suggesting the possibility of the SR behavior in the
system.
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