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Graph

• 그래프란?
• 객체들의 집합과 그 관계를 나타내는 데이터 구조

• 그래프(Graph, 𝐺)는 꼭짓점(vertex, 𝑣)의 집합과 엣지(edge, 𝑒)의
집합으로 이루어짐 𝐺 = (𝑉, 𝐸)

• 그래프의 대수적 표현
• 인접 행렬 ( + 근접 행렬, 차수 행렬, 라플라시안 행렬, 대칭 정규

화 라플라시안, 랜덤 워크 정규화 라플라시안…[1])

• 그래프의 종류
• Directed/undiredcted : edge의 향이 정해져있는지의 여부

• Homogeneous/Heterogeneous : 노드와 엣지들이 모두 하나의
형태인지 아닌지

• Static/Dynamic : 시간에 따라 feature 및 topology가 변하는지의
여부에 따라 바뀜
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[1] 즈위안 리우 & 지에 저우. (2022) 그래프 신경망 입문
(원제 Introduction to Graph Neural Networks, 정지수 옮
김) , 에이콘 출판, ISBN : 9791161756400
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Graph Neural Network

• 그래프 신경망의 시초
• [Gori et al., 2005[1]], [Scarselli et al., 2004[2], 2009[3]]

• “그래프” 신경망?
• 그래프라는 자료 구조를 입력값으로 받아서 구현한 신경망. 
• 그래프를 처리하기 위해 다양한 모델 임베딩 기법을 이용함
• 그래프 신경망의 최종 목표는 각 노드의 상태 임베딩 ℎ! ∈ ℝ"를 학

습. 상태 임베딩은 각 노드와 그 주변 노드의 정보를 포함하는 값
• 그래프의 특정 노드 상태값 𝑥#은 주변의 정보에 영향을 받고 있음을

가정[2]
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[1] Gori, M., Monfardini, G., & Scarselli, F. (2005, July). A 
new model for learning in graph domains. In 
Proceedings. 2005 IEEE International Joint Conference 
on Neural Networks, 2005. (Vol. 2, pp. 729-734). IEEE.
[2] Scarselli, F., Tsoi, A. C., Gori, M., & Hagenbuchner, M. 
(2004). Graphical-based learning environments for 
pattern recognition. In Structural, Syntactic, and 
Statistical Pattern Recognition: Joint IAPR International 
Workshops, SSPR 2004 and SPR 2004, Lisbon, Portugal, 
August 18-20, 2004. Proceedings (pp. 42-56). Springer 
Berlin Heidelberg.
[3] Scarselli, F., Gori, M., Tsoi, A. C., Hagenbuchner, M., 
& Monfardini, G. (2008). The graph neural network 
model. IEEE transactions on neural networks, 20(1), 61-
80.
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Graph Neural Network

• Task의 분류
• Node level : node classification, node 

regression, node clustering
• Edge level : edge classification, link 

prediction 
• Graph level : graph classification, graph 

regression, graph matching

• 소셜 네트워크, 분자 구조, 지식 그래프 등 그
래프 구조의 데이터를 다룰 때 사용
• Bio Chemical Graphs : 분자의 연결성 및 원

소 종류에 따른 분자 property 예측.
• Dataset : MUTAG, NCI-1, PPI, D&D, PROTEIN, PTC

• Social Networks : 소셜 네트워크 상에서의
이용자 연결 분석.

• Dataset : Reddit, BlogCatalog, Meta

• Citation Networks : 인용 문헌 분석. 
• Dataset : Pubmed, Cora, Citeseer, DBLP

• Knowledge Graphs : 객체간의 연관 및 상관
관계 분석. 

• Dataset : FB13, FB15K, FB15K237, WN11, WN18, 
WN18RR
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Physics

Molecule

Image

Text

Social Network

Generation

[1] Zhou, J., Cui, G., Hu, S., Zhang, Z., Yang, C., Liu, Z., ... 
& Sun, M. (2020). Graph neural networks: A review of 
methods and applications. AI open, 1, 57-81.
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Graph Neural Network
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Graph Neural Network
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• Bio Chemical Graphs 

[1] Wang, Q., & Zhang, L. (2021). Inverse design of 
glass structure with deep graph neural networks. 
Nature communications, 12(1), 5359.



Graph Neural Network

• GNN의 형태
• 그래프를 입력으로 받고 convolution 및 activation을 거쳐 원하

는 output을 얻는다.
• Graph를 Embedding 하는 방법과 Convolution을 수행하는 방법

에는 매우 다양한 방법이 있으며, Task와 Graph 형상에 따라서
선택의 폭이 넓음.

고려대학교 양자대학원 주관 2023 Special Summer Internship || Variational Quantum Algorithms: Challenge or Excuse || 8

[1] Zhou, J., Cui, G., Hu, S., Zhang, Z., Yang, C., Liu, Z., ... 
& Sun, M. (2020). Graph neural networks: A review of 
methods and applications. AI open, 1, 57-81.
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Graph Neural Network

• GNN의 형태
• 그래프를 입력으로 받고 convolution 및 activation을 거쳐 원하

는 output을 얻는다.
• Graph를 Embedding 하는 방법과 Convolution을 수행하는 방법

에는 매우 다양한 방법이 있으며, Task와 Graph 형상에 따라서
선택의 폭이 넓음 (=통일 X).
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[1] Zhou, J., Cui, G., Hu, S., Zhang, Z., Yang, C., Liu, Z., ... 
& Sun, M. (2020). Graph neural networks: A review of 
methods and applications. AI open, 1, 57-81.
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Graph Neural Network

• GNN의 구성 Pipeline
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[1] Zhou, J., Cui, G., Hu, S., Zhang, Z., Yang, C., Liu, Z., ... 
& Sun, M. (2020). Graph neural networks: A review of 
methods and applications. AI open, 1, 57-81.
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Graph Neural Network

• GNN의 Computation Module
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Graph Neural Network

• GNN의 Computation Module
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Quantum Graph Neural Network

• X에서 처음으로 발표 (2019)

• Convolution 기법을 응용하여 Graph Convolution을
수행할 수 있는 VQA 기반의 QGNN 제작

• 3가지의 Model 제안
• Quantum Graph Recurrent Neural Networks (QGRNN)
• Quantum Graph Convolutional Neural Networks 

(QGCNN)
• Quantum SpectralGraph Convolutional Neural 

Networks (QSGCNN)

• 4가지 Task 수행 가능
• 양자계의 Hamiltonoan dynamics를 학습
• 양자 네트워크의 multipartite 얽힘을 생성
• Clustering (unsupervised)
• Classification (Graph Isomorphism)
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Quantum Recurrent Graph Neural Network

• Learning Quantum Hamiltonian Dynamics w/ RNN
• 어떤 특정한 그래프에 임베딩된 Ising Hamiltonian을 return 하는 것을 목적으로 함

• 고정된 low-energy state와 랜덤한 시점에서의 state가 input임
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low_energy_state =
[ (-0.054661080280306085 + 0.016713907320174026j),
(0.12290003656489545 - 0.03758500591109822j),
(0.3649337966440005 - 0.11158863596657455j), (-
0.8205175732627094 + 0.25093231967092877j),
(0.010369790825776609 - 0.0031706387262686003j),
(-0.02331544978544721 + 0.007129899300113728j),
(-0.06923183949694546 + 0.0211684344103713j),
(0.15566094863283836 - 0.04760201916285508j),
(0.014520590919500158 - 0.004441887836078486j),
(-0.032648113364535575 + 0.009988590222879195j),
(-0.09694382811137187 + 0.02965579457620536j),
(0.21796861485652747 - 0.06668776658411019j), (-
0.0027547112135013247 + 0.0008426289322652901j),
(0.006193695872468649 - 0.0018948418969390599j),
(0.018391279795405405 - 0.005625722994009138j),
(-0.041350974715649635 + 0.012650711602265649j), ]

def state_evolve(hamiltonian, qubits,
time):
U = scipy.linalg.expm(-1j * hamiltonian *
time) qml.QubitUnitary(U, wires=qubits)
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Time 
Evolution 
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def qgrnn_layer(weights, bias, qubits, graph,
trotter_step):

for i, edge in enumerate(graph.edges):
qml.MultiRZ(2 * weights[i] * trotter_step,
wires=(edge[0], edge[1]))

for i, qubit in enumerate(qubits): qml.RZ(2 *
bias[i] * trotter_step, wires=qubit)

for qubit in qubits: qml.RX(2 * trotter_step,
wires=qubit)

def swap_test(control,
register1, register2):

qml.Hadamard(wires=control)
for reg1_qubit, reg2_qubit in
zip(register1, register2):
qml.CSWAP(wires=(control,
reg1_qubit, reg2_qubit))
qml.Hadamard(wires=control)

rng = np.random.default_rng(seed=42)

def cost_function(weight_params,
bias_params):

# Randomly samples times at which the QGRNN 
runs times_sampled = rng.random(size=N) *
max_time

# Cycles through each of the sampled times 
and calculates the cost total_cost = 0 for
dt in times_sampled: result =
qgrnn_qnode(weight_params, bias_params,
time=dt) total_cost += -1 * result

return total_cost / N

Cost FunctionOptimizer(Adam)
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[1] https://pennylane.ai/qml/demos/tutorial_qgrnn



Quantum Recurrent Graph Neural Network

• Input
• Initial state 는 다른 연산을 통해 Classic data를 Quautum Data형식(아래)으로 미리 변환해야

함

• state_evolve 함수를 이용해 𝜓$를 계산
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low_energy_state =
[ (-0.054661080280306085 + 0.016713907320174026j),
(0.12290003656489545 - 0.03758500591109822j),
(0.3649337966440005 - 0.11158863596657455j), (-
0.8205175732627094 + 0.25093231967092877j),
(0.010369790825776609 - 0.0031706387262686003j), (-
0.02331544978544721 + 0.007129899300113728j), (-
0.06923183949694546 + 0.0211684344103713j),
(0.15566094863283836 - 0.04760201916285508j),
(0.014520590919500158 - 0.004441887836078486j), (-
0.032648113364535575 + 0.009988590222879195j), (-
0.09694382811137187 + 0.02965579457620536j),
(0.21796861485652747 - 0.06668776658411019j), (-
0.0027547112135013247 + 0.0008426289322652901j),
(0.006193695872468649 - 0.0018948418969390599j),
(0.018391279795405405 - 0.005625722994009138j), (-
0.041350974715649635 + 0.012650711602265649j), ]

def state_evolve(hamiltonian, qubits, time):

U = scipy.linalg.expm(-1j * hamiltonian * time)
qml.QubitUnitary(U, wires=qubits)
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Quantum Recurrent Graph Neural Network

• QGRNN Layer

• RZZ, RZ, RX Gate를 순서대로 적용하여 Target Hamiltonian을 계산함
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def qgrnn_layer(weights, bias, qubits, graph, trotter_step):

# Applies a layer of RZZ gates (based on a graph)
for I, edge in enumerate(graph.edges): qml.MultiRZ(2 *
weights[i] * trotter_step, wires=(edge[0], edge[1]))

# Applies a layer of RZ gates
for i, qubit in enumerate(qubits): qml.RZ(2 * bias[i] *
trotter_step, wires=qubit)

# Applies a layer of RX gates
for qubit in qubits: qml.RX(2 * trotter_step, wires=qubit)

def qgrnn(weights, bias, time=None):

qml.QubitStateVector(np.kron(low_energy_state,
low_energy_state), wires=reg1 + reg2)

state_evolve(ham_matrix, reg1, time)

depth = time / trotter_step
for _ in range(0, int(depth)): qgrnn_layer(weights, bias,
reg2, new_ising_graph, trotter_step)

swap_test(control, reg1, reg2)

return qml.expval(qml.PauliZ(control))



Quantum Recurrent Graph Neural Network

• SWAP Test

• Target Hamiltonian
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def swap_test(control, register1, register2):

qml.Hadamard(wires=control) for reg1_qubit, reg2_qubit in zip(register1,
register2): qml.CSWAP(wires=(control, reg1_qubit, reg2_qubit))
qml.Hadamard(wires=control)



Quantum Recurrent Graph Neural Network

• Cost Function and Optimizer Loop

고려대학교 양자대학원 주관 2023 Special Summer Internship || Variational Quantum Algorithms: Challenge or Excuse || 18

| ⟩𝜓! | ⟩𝜓" $𝐻#$%&'#
= ∑{",+}∈. 𝐽"+ <𝑍" <𝑍+ + ∑/∈0𝑄/ <𝑍/+∑/∈0 @𝑋"Initial 

state
Time-

evolved 
low 

energy 
state

QGRNN Layer

RZZ 
Gate 
Layer

RZ 
Gate 
Layer

RX 
Gate 
Layer

SWAP Test

Time 
Evolution 
Unitary

Terms from 
the Ising 

Hamiltonian

Each of the 
exponentiated 

Hamiltonians in the 
QGRNN ansatz

Cost FunctionOptimizer(Adam)

§ Graph
§ Graph Neural Network
§ Quantum Graph Neural Network
§ Qunatum Recurrent Graph Neural 

Network

rng = np.random.default_rng(seed=42)

def cost_function(weight_params, bias_params):

# Randomly samples times at which the QGRNN runs times_sampled =
rng.random(size=N) * max_time

# Cycles through each of the sampled times and calculates the cost total_cost =
0 for dt in times_sampled: result = qgrnn_qnode(weight_params, bias_params,
time=dt) total_cost += -1 * result

return total_cost / N Weights Biases

Target parameters Learned parameters Target parameters Learned parameters

0.56 0.5988034096092802 -1.44 -1.4067983643944135

1.24 1.3483865512005315 -1.43 -1.3529638627173872

1.67 1.7862070648455897 1.18 1.0349129419830776

-0.79 -0.8425475506159242 -0.93 -1.0635874966599637

qgrnn_dev = qml.device("default.qubit", wires=2 * qubit_number + 1)
qgrnn_qnode = qml.QNode(qgrnn, qgrnn_dev, interface="autograd")

steps = 300
optimizer = qml.AdamOptimizer(stepsize=0.5)
weights = rng.random(size=len(new_ising_graph.edges), requires_grad=True) - 0.5
bias = rng.random(size=qubit_number, requires_grad=True) - 0.5

for i in range(0, steps):
(weights, bias), cost = optimizer.step_and_cost(cost_function, weights, bias)
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