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1 Algebraic preliminaries

A quantum computer is a controllable quantum system. Thus its primitive operations acting
on a given Hilbert space are determined by its Hamiltonian. For instance, having a Hamilto-
nian

H = ασ1 + βσ3 (1)

the primitive operations are unitary operators generated by σ1 and σ3.
Despite of the widely accepted convenience of using CNOT and single unitary operators to

generate the unitary group U(2n), there are many quantum computing systems in which CNOT
is not a primitive operator. For those systems it is often the case that the Hamiltonian of the
system can be represented by sigma strings as in (1), so that primitive operations are generated
by sigma strings.

For a concrete exposition, we may consider the following Hamiltonians for a single qubit
and two-qubit system respectively:

H1 = ασ1 + βσ3, H2 = α1σ01 + α2σ10 + β1σ03 + β2σ30 + γσ22

with which primitive operations are generated by the following:

G1 = {σ1, σ3} , G2 = {σ01, σ10, σ03, σ30, σ22} . (2)

Here,
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and σab = 2iσa ⊗ σb.

In order to demonstrate G1 and G2 can generate U(2) and U(4) respectively, we employ the
following decomposition of special unitary groups SU(2) and SU(4) [1]

SU(2) = exp(θ1σ3) exp(θ2σ1) exp(θ3σ3)

SU(4) =K2(α1, α2, α3, α4, α5, α6)A2(β1, β2, β3)K2(γ1, γ2, γ3, γ4, γ5, γ6)

where

K2(α1, α2, α3, α4, α5, α6) = exp(α1σ03) exp(α2σ01) exp(α3σ03) exp(α4σ30) exp(α5σ10) exp(α6σ30),(3)
A2(β1, β2, β3) = exp(β1σ11) exp(β2σ22) exp(β3σ33).

One can easily notice that SU(2) can be generated by G1, but for SU(4) there exist non-primitive
operators generated by σ11 and σ33.

However, one can still implement those non-primitive operators by using G2. To this enc,
we consider the following:
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2

)
σA, A = ab, a, b = 0, 1, 2, 3.
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Then for [σB, σA] ̸= 0
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)
exp(φadσB)σA

=cos

(
θ

2

)
1+ 2 sin

(
θ

2

)
cosφσA + sin

(
θ

2

)
sinφ[σB, σA].

In turn, one obtains
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= cos θ1+ sin θ[σB, σA] = exp(θ[σB, σA]).

which implies
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(4)
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2 Computation project

Given decompositions in (3) one can attempt to find parameters to generate quantum logic
gates H, S, T and CNOT. Also, one can replace σ11 and σ33 as in (4) to experimentally demon-
strate that generators in (2) are sufficient to generate all elements in U(2) and U(4) up to the
overall phase factor.
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